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particle moves freely between the static scatterers, iteeitidependent Schrodinger
equation outside the scattering regions is the Helmholtzton:

(5? + EZ) w(F) =0, F outside the scattering regions. (35.1)

Herey(F) is the wave function of the point particle at spatial pasit’ andE =

Ch apter 35 72k2/2m s its energy written in terms of its massand the wave vectdt of the
incident wave. For reflecting wall billiards the scatterimgblem is a boundary
value problem with Dirichlet boundary conditions:

Chaotic multiscatteri ng y()=0,  ronthe billiard perimeter (35.2)

As usual for scattering problems, we expand the wave fumati@) in the
(2-dimensional) angular momentum eigenfunctions basis

(A. Wirzba and P. Cvitanovic) o )
pr)= . uk(r)e ™, (35.3)
m=—co
E DIscUSS HERE the semiclassics of scattering in open systems with a finite
W number of non-overlapping finite scattering regions. Whiisinteresting wherek and®y are the length and angle of the wave vector, respectivelyiahep
atall? The semiclassics of scattering systems has five taty@sicompared wave in two dimensions expaned in the angular momentum lsasis
to the bound-state problems such as the helium quantizdisonssed in chapt&6.
gk _ gkr cosfor-ay) _ Z Jm(kr)em(@r =) (35.4)
m=—-co
e For bound-state problem the semiclassical approximatass ehot respect
quantum-mechanical unitarity, and the semi-classicareigergies are not wherer and®, denote the distance and angle of the spatial vattsr measured
real. Here we construetmanifestly unitarsemiclassical scattering matrix. in the global 2-dimensional coordinate system.

The Weyl-term contributions decouple from the multi-serifig system. Themth angular componemk,(kr)e™® of a plane wave is split into a superposition

The close relation to the classical escape processes ststirschaptet. of incoming and outgoing 2-dimensional spherical waves egothposing the
ordinary Bessel functiodm(z) into the sum

For scattering systems the derivation of cycle expans®n®ie direct and

controlled than in the bound-state case: the semiclassicl expansion is (1) @

the saddle point approximation to the cumulant expansidesfieterminant In(d) =3 (HY@ +HP@) (35.5)
of the exact quantum-mechanical multi-scattering matrix.

« The region of convergence of the semiclassical spectrattiumis larger of the Hankel function$iy’(2) andH{(2) of the first and second kind. Faf > 1

than is the case for the bound-state case. the Hankel functions behave asymptotically as:
We start by a brief review of the elastic scattering of a ppanticle from finite Hr(ﬁ)(z) ~ liefi(zf%"kﬁ) incoming,
collection of non-overlapping scattering regions in teohthe standard textbook z
scattering theory, and then develop the semiclassicaksicef trace formulas and &) 2 Liz-3m-1) .
’ . ; ) H(@ ~ +/—=e"¥2™%) outgoing. 35.6
spectral determinants for scatteringj N disks in a plane. () nz going ( )

Thus forr — o andk fixed, themth angular componeniy,(kr)é™® of the plane

35.1 Quantum mechanical scattering matrix wave can be written as superposition of incoming and outp@iaimensional
spherical waves:

We now specialize to the elastic scattering of a point garfrom finite collection

. 1 gy iz o]
md; —i(kr-Zm-%) (kr—=Zm-2)| Jmd,
of N non-overlapping reflecting disks in a 2-dimensional plares the point Im(kr)e ok [e 2a) + e ]e' . (35.7)

572 multscat - 25jul2006.tex



CHAPTER 35. CHAOTIC MULTISCATTERING 574

In terms of the asymptotic (angular momentum) compongfjtsf the wave
functiony(F), the scattering matrix34.3 is defined as

1 i Iny—Z i Ipy—z i’ @,
E (5mme ikr=3 7) + Smmel( =2 4)]el " (358)
V2rk m= oo[

Uk~

The matrix elemer®myy describes the scattering of an incoming wave with angular
momentumm into an outgoing wave with angular momentunh If there are no
scatterers, the8 = 1 and the asymptotic expression of the plane vak@in two
dimensions is recovered frog(r’).

35.1.1 1-disk scattering matrix

In general Sis nondiagonal and nonseparable. An exception is the 1sdatterer.
If the origin of the coordinate system is placed at the ceoft¢he disk, by 85.5
themth angular component of the time-independent scatteringsfnction is a

superposition of incoming and outgoing 2-dimensional sphewaves [exercise 34.2]

1 ima®,
Ui = 5 (k) + SmoHi (k) €

(3mkn) = S TmaHP (k) €™
The vanishing 5.2 of the wave function on the disk perimeter
_ i W
0= Jm(ka) - ETmmHm (ka)

yields the 1-disk scattering matrix in analytic form:

St » (35.9)

2n(kag) |, HR(ka)
" ke "
m

SE (k) =|1- ==
9 ( HE (kas)
wherea = as is radius of the disk and the ix S indicates that we are dealing

with a disk whose label is. We shall derive a semiclassical approximation to this
1-disk S-matrix in sect.35.3

35.1.2 Multi-scattering matrix

Consider next a scattering region consisting\Nofion-overlapping disks labeled
se{l,2,---,N}, following the notational conventions of set0.5 The strategy
is to construct the fulllT-matrix (34.3 from the exact 1-disk scattering matrix
(35.9 by a succession of coordinate rotations and translatiook that at each
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step the coordinate system is centered at the origin of a diskn theT-matrix
iN Smm = dmm — i Tmm €an be split into a product over three kinds of matrices,

N

Tom® = > > Cor (MRS, D} (K).

lely
s.8=1lglg=—c0

The outgoing spherical wave scattered by the dis& obtained by shifting the
global coordinates origin distané® to the center of the disk, and measuring
the angle®s with respect to directiork of the outgoing spherical wave. As in
(35.9, the matrixC*® takes form

o 2 IR o,

= (35.10)
ms  rag H|(sl)(kas)

If we now describe the ingoing spherical wave in the diskoordinate frame by
the matrixD$

D} 1y = —8s Jnr 1, (KRe)Jy, (kag)e ™ P (35.11)

and apply the Bessel function addition theorem

Iny+2) = Y Inc)A(,

(=0

we recover thél-matrix (35.9 for the single disks = s, M = 1 scattering. The
Bessel function sum is a statement of the completness optrerisal wave basis;
as we shift the origin from the dis&to the disks' by distanceRy , we have to
reexpand all basis functions in the new coordinate frame.

The labelsmandn refer to the angular momentum quantum numbers of the
ingoing and outgoing waves in the global coordinate systerd|s, |y refer to the
(angular momentum) basis fixed at thth ands'th scatterer, respectively. Thus,
Cs andDS depend on the origin and orientation of the global cooreirsystem
of the 2-dimensional plane as well as on the internal coatdsof the scatterers.
As they can be made separable in the scatterer Ighthley describe the single
scatterer aspects of what, in general, is a multi-scageroblem.

The matrixM is called themulti-scattering matrix If the scattering problem
consists only of one scatterey] is simply the unit matrixMISi = 655§|5|§.
For scattering from more than one scatterer we separate ‘Sinigle traversal”
matrix A which transports the scattered wave from a scattering mefyig to the
scattering region\ly,

ss
lsly

My =86, - ATy - (35.12)
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Figure 35.1: Global and local coordinates for a

general 3-disk problem.

The matrixAS® reads:

8 3.K&) |y p o dlasloen) (3513

s sg
AISSI =-(1-6") = Is—I
’ 3 H(kas)

Here, as is the radius of thesth disk. R and®s are the distance and angle,
respectively, of the ray from the origin in the 2-dimensigplane to the center of
disk s as measured in the global coordinate system. FurtherrRate= Rys is
the separation between the centers ofdheands'th disk andvy s of the ray from
the center of disks to the center of disls’ as measured in the local (body-fixed)
coordinate system of disk(see figure35.1).

Expanded as a geometrical series about the unit mattixe inverse matrix
M~ generates a multi-scattering series in powers of the singlersal matrix.
All genuine multi-scattering dynamics is contained in thetiix A; by construction
A vanishes for a single-scatterer system.

35.2 N-scatterer spectral determinant

In the following we limit ourselves to a study of the speciebdperties of thes-
matrix: resonances, time delays and phase shifts. Thearses are given by the
poles of theS-matrix in the lower complex wave numbé) plane; more precisely,

by the poles of thé& on the second Riemann sheet of the complex energy plane.
As the S-matrix is unitary, it is also natural to focus on its totalagk shifty(k)
defined by de§ = exp?®. The time-delay is proportional to the derivative of
the phase shift with respect to the wave number

As we are only interested in spectral properties of the sgatf problem, it
suffices to study de®. This determinant is basis and coordinate-system indegrend
whereas th&s-matrix itself depends on the global coordinate system anthe
choice of basis for the point particle wave function.

As the S-matrix is, in general, an infinite dimensional matrix, itnet clear

whether the corresponding determinant exists at all-tfiatrix is trace-class, the
determinant does exist. What does this mean?
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35.2.1 Trace-classoperators

An operator (an infinite-dimensional matrix) is callgdce-classif and only if,
for any choice of orthonormal basis, the sum of the diagonaidrisn elements
converges absolutely; it is called “Hilbert-Schmidt,” ifet sum of the absolute
squared diagonal matrix elements converges. Once an op&aliagnosed as
trace-class, we are allowed to manipulate it as we manpfiiaite-dimensional
matrices. We review the theory of trace-class operatorpperdixJ; here we
will assume that th& -matrix (34.3) is trace-class, and draw the conlusions.

If A is trace-class, the determinant det{ zA), as defined by the cumulant
expansion, exists and is an entire functiorzofFurthermore, the determinant is
invariant under any unitary transformation.

The cumulant expansion is the analytical continuation g4dF expansion in
the book-keeping variablg of the determinant

det (L — zA) = exp[tr In(1 — zA)] = exp[— i ;tr (A")] .
n=1
That means
det( - zA) := i 2"Qm(A) (35.14)
m=0

where the cumulant®m(A) satisfy the Plemelj-Smithies recursion formulal©,
a generalization of Newton’s formula to determinants ofiidé-dimensional matrices,

Qo(A) 1

Qm(A)

—EZQM(A)U(AJ') form>1, (35.15)
m &

in terms of cumulants of order < m and traces of order < m. Because of the
trace-class property &, all cumulants and traces exist separately.

For the general case bf < oo non-overlapping scatterers, tiiematrix can be
shown to be trace-class, so the determinant ofSneatrix is well defined. What
does trace-class property mean for the corresponding aea@?, DS and ASS?
Manipulating the operators as though they were finite medrieve can perform
the following transformations:

detS det(1-iCM™'D)

Det (1-iM~'DC) = Det(M~}(M -iDC))

_ Det(M -iDC)

= ey (35.16)
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In the first line of 35.16 the determinant is taken over smdll(the angular
momentum with respect to the global system). In the remainti¢35.16 the
determinant is evaluated over the multiple inditgs= (s,ls). In order to signal
this difference we use the following notation: det and tr... refer to the|()
space, Det.. and Tr... refer to the multiple index space. The matrices in the
multiple index space are expanded in the complete Bisjs = {|s, {s)} which
refers for fixed indexs to the origin of thesth scatterer and not any longer to the
origin of the 2-dimensional plane.

Let us explicitly extract the product of the determinantstted subsystems
from the determinant of the total systeB5(19:

Det(M —iDC)
Det(M)

Det(M —iDC) [T4, dets®
DetM [N, detss

N DetM —iDC)/ [TV, detS®
[ [ dets® ™ /M=t . (35.17)
1 DetM

detS

The final step in the reformulation of the determinant of Samatrix of the N-
scatterer problem follows from the unitarity of tl&ematrix. The unitarity of
Sf(k*) implies for the determinant

det (k")) = 1/detS(K) (35.18)

where this manipulation is allowed becauseThmatrix is trace-class. The unitarity
condition should apply for th&matrix of the total systent, as for the each of
the single subsystem§&®, s = 1,---,N. In terms of the result of35.17, this
implies

Det (M (k) - iD(K)C(K))
1Y, detss

= DetM (k"))

since all determinants ir85.17) exist separately and since the determinantsStlet
respect unitarity by themselves. Thus, we finally have

N .
DetM (k*)*
— S
detS(k) = {Slll (detS (k))} DetMK) (35.19)
where all determinants exist separately.
In summary: We assumed a scattering system &hiee number ofnon-

overlappingscatterers which can be offtirent shape and size, but are all of
finite extent. We assumed the trace-class character of imatrix belonging to
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the total system and of the single-traversal ma#fiand finally unitarity of the
S-matrices of the complete and all subsystems.

What can one say about the point-particle scattering fromigefnumber of
scatterers of arbitrary shape and size? As long as eadhofo single scatterers
has a finite spatial extent, i.e., can be covered by a finite die total system
has a finite spatial extent as well. Therefore, it too can hermided a circular
domain of finite radiu®, e.g., inside a single disk. If the impact parameter of the
point particle measured with respect to the origin of thikds larger than the disk
size (actually larger thare(2) x b), then theT matrix elements of th&l-scatterer
problem become very small. If the wave numkés kept fixed, the modulus of
the diagonalmatrix elements|Tmy| with the angular momentum > (e/2)kb, is
bounded by the corresponding quantity of the covering disk.

35.2.2 Quantum cycle expansions

In formula 35.19 the genuine multi-scattering terms are separated frorsittigge-
scattering ones. We focus on the multi-scattering terres, @n the ratio of the
determinants of the multi-scattering mathkix= 1-A in (35.19, since they are the
origin of the periodic orbit sums in the semiclassical reuc The resonances
of the multi-scattering system are given by the zeros ofND@ in the lower
complex wave number plane.

In order to set up the problem for the semiclassical redngtice express the
determinant of the multi-scattering matrix in terms of theces of the powers
of the matrixA, by means of the cumulant expansi@b (4. Because of the
finite numberN > 2 of scatterers tiA"™) receives contributions corresponding to
all periodic itinerariess; $S3 - - - Sh-1S, of total symbol lengtm with an alphabet
s €1{1,2,...,N}. of N symbols,

trASZATS . AS-1TATS: (35.20)
- i i i AT ARSI AT @
ey | aly lgls si-als Talsy
gowolgmco  lg=—co

Remember our notation that the trace- tr) refers only to thel) space. By
constructionA describes only scatterer-to-scatterer transitions, scsyimbolic
dynamics has to respect the no-self-reflection pruning fateadmissible itineraries
the successive symbols have to b@atent. This rule is implemented by the factor
1-6%%in (35.13.

The trace tA" is the sum of all itineraries of lengtin

trAD = Z tr ASIZASS . ASISIASS | (35.21)
(1%}

We will show for theN-disk problem that these periodic itineraries correspond
in the semiclassical limitkas > 1, to geometricalperiodic orbits with the same
symbolic dynamics.
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For periodic orbits with creeping sections the symbolichalpet has to be
extended, see se@d5.3.1 Furthermore, depending on the geometry, there might
be nontrivial pruning rules based on the so called ghostorbee secB85.4.1

35.2.3 Symmetry reductions

The determinants over the multi-scattering matrices ruer thve multiple index
of the multiple index space. This is the proper form for thesyetry reduction
(in the multiple index space), e.g., if the scatterer coméiian is characterized
by a discrete symmetry group, we have

DetM = ﬂ(detM b, (K%

where the indexr runs over all conjugate classes of the symmetry gi@ugnd
D, is the ath representation of dimensiay,. The symmetry reduction on the
exact quantum mechanical level is the same as for the cidssiolution oper-
ators spectral determinant factorizatid® (17 of sect.19.4.2

35.3 Semiclassical 1-disk scattering

We start by focusing on the single-scatterer problem. Ieotd be concrete, we
will consider the semiclassical reduction of the scatteaha single disk in plane.

Instead of calculating the semiclassical approximatiotheéodeterminant of
the one-disk system scattering mat®6(9, we do so for

dk) = %% In detS'(ka) = %%n (InSika)) (35.22)

the so calledime delay

d(k)

1d ey L (HPka) d HY(ka)
o " (IndetS'(kd) = 5 Zm: (Hg(ka) KD ka)

a v (HPka) HY (ka)
ﬁ% HOka) Hﬁ%’(ka)] ' (3529

Here the prime denotes the derivative with respect to thenaegt of the Hankel
functions. Let us introduce the abbreviation

H? ka)  H' (ka)
Xv = - .
HP(ka)  HY(Kka)

(35.24)
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We apply the Watson contour method 85(23

IR S 156 e
9 = o m;m =20 % RY St (35.25)

Here the contou€ encircles in a counter-clockwise manner a small semiifinit
strip D which completely covers the realaxis but which only has a small finite
extent into the positive and negative imaginangirection. The contou€ is then
split up in the path above and below the realxis such that

a +ootie g vt +oo—i€e e
dk) = — dy ———x, — dv —— .
® 4 {j:mif v sm(wr)X Im_if g sm(wr)XV}

Then, we perform the substitution— —v in the second integral so as to get

a +oo+€ e—iwr e+iv7r
d(k — dy ——y, + dv ———x -,
® 4n {]_‘mm Vsm(wr))( * Vsm(wr)X }

a +oo+i€e e2iwr +o0
B ﬁ{zﬁwf dv —1—92‘V”XV+LQ dvxv} . (35.26)

where we used the fact thgt, = y,. The contour in the last integral can be
deformed to pass over the reaixis since its integrand has no Watson denominator.

We will now approximate the last expression semiclassicak., under the
assumptiorka > 1. As the two contributions in the last line &85.29 differ by
the presence or absence of the Watson denominator, thelzavél to be handled
semiclassically in dferent ways: the first will be closed in the upper complex
plane and evaluated at the poleypfthe second integral will be evaluated on the
realy-axis under the Debye approximation for Hankel functions.

We will now work out the first term. The poles gf in the upper complex
plane are given by the zeros B (ka) which will be denoted by, (ka) and by

the zeros OHSZ)(ka) which we will denote by-v,(ka), ¢ = 1,2,3,---. In the Airy
approximation to the Hankel functions they are given by

ve(ka) = ka+iac(kd), (35.27)
-veka) = —Ka+i(er(k'a)’ = - (ve(k'a)" , (35.28)

with

y 1/3 y 13 2 3
aka) = éa("—"") q/—e*'a(e) & 1 (1_%]

6 ka/ 180 ~ 7ka
5
5(6) 1 (200 281
i ela(ka) 3150( 62  180-63 (35.29)
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Hereq, labels the zeros of the Airy integral
AQ) = f dr costr - %) = 3 M37Ai(-330)
o

with Ai(2) being the standard Airy function; approximatety, ~ 63[3x(¢ —
1/4)]%3/2. In order to keep the notation simple, we will abbreviate=s v,(ka)
andv, = v(ka). Thus the first term 0f35.26 becomes finally

)

a +oo+ie e2|wr e2|vm e—2i7f7r
—12 dv v =2a — .
2m{ L,He 1- ez'v”"} Z(1 e 1_e—2wm)

In the second term of36.26 we will insert the Debye approximations for the
Hankel functions:

2
HY2 () ~ _ exp(ii VX2 =2 % ivarccos. ¥ |—) for || > v
VX2 — 2 X
(35.30)
2
HY2 () ~ =i — exp(— Vv2 — X2 + vArcCosh;:() for x| < v.
TNVE —

Note that fory > kathe contributions iry, cancel. Thus the second integral of
(35.26 becomes

a [ a (™ (2)d( S5 v
ﬁj:m dvy, —.f:ka dv—d—k(\/ka -y —varCCosk—a)+

2ni a

ka 2
—if dvvkea? 124 = Sk, (35.31)
Kt Ja 2

where- - - takes care of the polynomial corrections in the Debye appration
and the boundary correction terms in thimtegration.

In summary, the semiclassical approximatiordtk) reads
s 92| ver e—2i\7[7r a2
d(k)—zaz(l eZIV[Ir m)—3k+

Using the definition of the time dela®$.22, we get the following expression for
detSt(ka):

In detSt(ka) — Iim In detSt(koa) (35.32)

j2nv,(ka) —i2rv; (ka)
- 2ria dk ——+22 e R |
1— g2, (ka) 1 — g-i2mv(ka)

~ —2niN(k)+2Zfo dR@{—In(l—eiz"”(ﬁa))+In(l—e‘iZ”V/(Ra))}+~~~,
=1
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where in the last expression it has been used that semtcziﬁ;ssgd—kvz(ka) ~
%jg(ka) ~ a and that the Weyl term for a single disk of radiasgoes like
N(K) = na?k?/(4r) + --- (the next terms come from the boundary terms in the
v-integration in 85.31)). Note that for the lower limitky, — 0, we have two
simplifications: First,

—HP (kod)
1
I|m S (ko) = kIO N H(l)(koa)

- ||m0 detSl(koa)

———0mm = 1X&mm vm, m

|
=

Secondly, folkg — 0, the two terms in the curly bracket &§%.32 cancel.

35.3.1 1-disk spectrum interpreted; pure creeping

To summarize: the semiclassical approximation to the detemtS(ka) is given
by

- 2
o (1 _ a-2inve(ka)
7.ank)H€:1(1 e anilka)

detS!(k _— 35.33
e Aoy 3
with
vika) = ka+ioika) = ka+e'3(ka/6) 3+ -
vekka) = ka-i(ac(k'a)* = ka+e™3(ka/6)Y3q + -
= (k@)

andN(ka) = (7a?k?)/4r + --- the leading term in the Weyl approximation for
the staircase function of the wavenumber eigenvalues idileinterior. From
the point of view of the scattering particle, the interiomtiins of the disks are
excluded relatively to the free evolution without scatigrobstacles. Therefore
the negative sign in front of the Weyl term. For the same neae subleading
boundary term has here a Neumann structure, although tke ldésre Dirichlet
boundary conditions.

Let us abbreviate the r.h.s. &%.33 for a disks as

s g imN(kas) 2 Z K aS) Zr (k*as)
detS®(kas) ~ (e ) —z, o T (35.34)

whereZ(S(kas) andZ$(kas) are thediffractional zeta functions (here and in the
following we will label semiclassical zeta functiongth diffractive corrections
by a tilde) for creeping orbits around thsth disk in the left-handed sense and
the right-handed sense, respectively (see fi@#&). The two orientations of
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Figure 35.3: The shape resonances of the 1-disk
system in the complex plane in units of the
disk radiusa. The boxes label the exact quantum
mechanical resonances (given by the zeros of
H®(ka) for m = 0,1,2), the crosses label the
diffractional semiclassical resonances (given by
the zeros of the creeping formula in the Airy
approximation 85.39 up to the ordeO([ka*?)).

Figure 35.2: Right- and left-handed dractive
creeping paths of increasing mode numbeor
a single disk.

the creeping orbits are the reason for the exponentsZ5i39. Equation 85.33
describes the semiclassical approximation to the incolbgaat & the curly bracket
on the r.h.s.) of the exact expressi@b(19 for the case that the scatterers are
disks.

In the following we will discuss the semiclassical resoreni the 1-disk
scattering problem with Dirichlet boundary condition®. ithe so-called shape
resonances. The quantum mechanical resonances are teeptiieS-matrix in
the complexk-plane. As the 1-disk scattering problem is separableStheatrix
is already diagonalized in the angular momentum eigenlaasigakes the simple
form (35.9. The exact quantummechanical poles of the scatteringixmaite
therefore given by the the zerdéeS, of the Hankel functionsi{® (ka) in the lower
complexk plane which can be labeled by two indicesandn, wherem denotes
the angular quantum number of the Hankel function and a radial quantum
number. As the Hankel functions have to vanish at spekifialues, one cannot
use the usual Debye approximation as semiclassical appatixn for the Hankel
function, since this approximation only works in case thenkéd function is
dominated by only one saddle. However, for the vanishinh@Hankel function,
one has to have the interplay of two saddles, thus an Airyeqpiation is needed
as in the case of the creeping poles discussed above. Thappnpximation of
the Hankel functiorH{?(ka) of complex-valued index reads

1/3
WO - 2675 (8) Aq®
ke ~ e AT
with
(1) _ ik 6)\"° -1
e (v—ka) + O((ka) ).

Hence the zeros, of the Hankel function in the complex plane follow from
the zerogy, of the Airy integral A(q) (see 85.3. Thus if we sety, = m (with m
integer), we have the following semiclassical conditiorkf

m ~ K+ io(Ke%)

_as[Ke)” s 6\ 1
- 6 ) %~ ¢ \ikea) T80
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. g[8 ) 1 29, 281 .
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with| =1,2.3,---.
For a given index this is equivalent to
0~ 1 — glke-a)2ra

the de-Broglie condition on the wave function that encsdlee disk. Thus the
semiclassical resonances of the 1-disk problem are givethéyzeros of the
following product

e

(1 _ e(ik—m)Zna) .

IR
N

which is of course nothing else thah-gisk(k), the semiclassical firaction zeta
function of the 1-disk scattering problem, s&5.(34. Note that this expression
includes just the pure creeping contribution and no gengeemetrical parts.
Because of

HO(ka) = (-1)"HP(ka),
the zeros are doubly degeneratenif« 0, corresponding to right- and left handed

creeping turns. The case = 0 is unphysical, since all zeros of the Hankel
function Hgl)(ka) have negative real value.

From figure35.30ne notes that the creeping terms in the Airy oxdgka]*/3),

which are used in the Keller construction, systematicafigerestimate the magnitude
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Figure 35.4: Same as in figur&5.3 However,
the subleading terms in the Airy approximation
(35.39 are taken into account up to the order
O([ka] /%) (upper panel) and up to ordé([ka] )
(lower panel).

QM (oacy: @
Semiciass.creeping (. 151 A1y cor);

Imk ()
ink i)

of the imaginary parts of the exact data. However, the creepata become
better for increasing Reand decreasingmk|, as they should as semiclassical
approximations.

In the upper panel of figur85.4 one sees the change, when the next order
in the Airy approximation §5.39 is taken into account. The approximation is
nearly perfect, especially for the leading row of resonanc&he second Airy
approximation using35.39 up to orderO([ka] 1) is perfect up to the drawing
scale of figure35.4 (lower panel).

35.4 From quantum cycleto semiclassical cycle

The procedure for the semiclassical approximation of aigéperiodic itinerary
(35.20 of lengthn is somewhat laborious, and we will only sketch the procedure
here. It follows, in fact, rather closely the methods depetbfor the semiclassical
reduction of the determinant of the 1-disk system.

The quantum cycle

o0

o

trASS2 ... ASS — Z Z Aislle Smsll
| S1's2 smisy
s,

=0 lgn=—co

still has the structure of a “multi-trace” with respect t@atar momentum.

Each of the sumif;’:fm — as in the 1-disk case — is replaced byatson
contourresummation in terms of complex angular momenimThen the paths
below the reals-axes are transformed to paths above these axes, and thaiate
split into expressionwith andwithoutan explicit Watson sing ) denominator.

1. In the sin¢sn) -independent integrals we replace all Hankel and Bessel
functions by Debye approximations. Then we evaluate theessjon in
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Figure 35.5: A 4-disk problem with three specular
reflections, one ghost tunneling, and distinct creeping
segments from which all associated creeping paths can
be constructed.

ltinerary:

i=i-i—ia
[

the saddle point approximation: either left or rigigecular reflectiorat
disks or ghost tunnelinghrough disks result.

2. For the singg ) -dependent integrals, we close the contour in the upger
plane and evaluate the integral at the resiﬂiﬁﬁ(kas):o. Then we use
the Airy approximation fod, (kas) and H&)(kas): left and rightcreeping
pathsaround disks result.

In the above we have assumed that no grazing geometriced pafear. If
they do show up, the analysis has to be extended to the casmintitling saddles
between the geometrical paths witf2 angle reflection from the disk surface and
paths with direct ghost tunneling through the disk.

There are three possibilities of “semiclassical” contdcthe point particle
with the disks:

1. either geometrical which in turn splits into three altgives

(a) specular reflectioro the right,
(b) specular reflectiorto the left,

(c) or ‘ghost tunneling’where the latter induce the nontrivial pruning
rules (as discussed above)

2. orright-handed creeping turns

3. orleft-handed creeping turnps

see figure35.5 The specular reflection to the right is linked to left-hashdeseping
paths with at least one knot. The specular reflection to tfierlatches a right-
handed creeping paths with at least one knot, whereas thgshieft- and right-
handed creeping paths in the ghost tunneling case are tppally trivial. In
fact, the topology of the creeping paths encodes the chateden the three
alternatives for the geometrical contact with the disk. sTisi the case for the
simple reason that creeping sections have to be positivaitgefin length: the
creeping amplitude has to decrease during the creepingsspas tangential rays
are constantly emitted. In mathematical terms, it mearisttigacreeping angle
has to be positive. Thus, the positivity of tiveo creeping angles for the shortest
left andright turn uniquely specifies the topology of the creepinctises which
in turn specifies which of the three alternatives, eithecs(ae reflection to the
right or to the left or straight “ghost” tunneling throughsKij, is realized for the
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Figure 35.6: (a) The ghost tinerary (2, 3, 4). (b) °
The parent itinerary (B, 4).

semiclassical geometrical path. Hence, the existence ofcue saddle point is
guaranteed.

In order to be concrete, we will restrict ourselves in thdofeing to the
scattering fromN < oo non-overlappingdisksfixed in the 2-dimensional plane.
The semiclassical approximation of the periodic itinerary

tr ASIR2ASRS ... AS-1S A SSL

becomes a standard periodic orbit labeled by the symbolesegs;s, - - - Sy.
Depending on the geometry, the individual legs, — s — S result either
from a standard specular reflection at dsskr from a ghost path passing straight
through disks. If furthermore creeping contributions are taken into actp
the symbolic dynamics has to be generalized from singterlsymbols{s} to
triple-letter symbolgs, o x £} with ¢ > 1 integer valued and = 0,+1 * By
definition, the valuer; = O represents the non-creeping case, such{a x

6} = {s,0} = {s} reduces to the old single-letter symbol. The magnitude of
a nonzeral; corresponds to creeping sections of mode nunfemwhereas the
signoj = +1 signals whether the creeping path turns around the sligk the
positive or negative sense. Additional full creeping tuansund a disks can be
summed up as a geometrical series; therefore they do notdehd introduction
of a further symbol.

35.4.1 Ghost contributions

An itinerary with a semiclassical ghost section at, sayk discan be shown to
have the same weight as the corresponding itinerary withfeis th symbol.
Thus, semiclassically, they cancel each other in the fir 40f) expansion, where
they are multiplied by the permutation factofr with the integer counting the
repeats. For example, let,@ 3,4) be a non-repeated periodic itinerary with a
ghost section at disk 2 steming from the 4th-order traéé.tBy convention, an
underlined disk index signals a ghost passage (as in figfufa), with corresponding
semiclassical ghost traversal matrices also underliddéitA*Li+2  Then its
semiclassical, geometrical contribution to trlir{ A) cancels exactly against the
one of its “parent” itinerary (13, 4) (see figure5.6) resulting from the 3rd-order
trace:

_% (4A12A23434%) % (3AL3A34A%Y)

LActually, these are double-letter symbolsoasandl; are only counted as a product.
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= (+1-1)AX3A3a%l =0,

The prefactors-1/3 and-1/4 are due to the expansion of the logarithm, the
factors 3 and 4 inside the brackets result from the cyclioypgation of the periodic
itineraries, and the cancellation stems from the rule

C L AIARLIZ ,”(_Ai,i+2)”. ' (35.36)

The reader might study more complicated examples and coeviarself that the
rule (35.36.is suficient to cancel any primary or repeated periodic orbit with
one or more ghost sections completely out of the expansidnionfl — A) and
therefore also out of the cumulant expansion in the sensicialslimit: Any
periodic orbit of lengthm with n(< m) ghost sections is cancelled by the sum
of all ‘parent’ periodic orbits of lengthm — i (with 1 < i < nandi ghost
sections removed) weighted by their cyclic permutatiomdiaand by the prefactor
resulting from thetrace-log expansion. This is the way in which the nontrivial
pruning for theN-disk billiards can be derived from the exact quantum meiclaan
expressions in the semiclassical limit. Note that theretrexst at least one
indexi in any givenperiodicitinerary which corresponds to a non-ghost section,
since otherwise the itinerary in the semiclassical limitldoonly be straight and
therefore nonperiodic. Furthermore, the series in thetgtasxelation has to stop
at the 2nd-order trace, A?, as trA itself vanishes identically in the full domain
which is considered here.

35.5 Heisenberg uncertainty

Where is the boundarya ~ 2™ /a coming from?

This boundary follows from a combination of the uncertaiptinciple with
ray optics and the non-vanishing value for the topologicetapy of the 3-disk
repeller. When the wave numblkis fixed, quantum mechanics can only resolve
the classical repelling set up to the critical topologicalesn. The quantum wave
packet which explores the repelling set has to disentanylgifierent sections
of sized ~ a/2" on the “visible” part of the disk surface (which is of ord&r
between any two successive disk collisions. SuccessiVisiook are separated
spatially by the mean flight length, and the flux spreads with a factbya. In
other words, the uncertainty principle bounds the maxireakible truncation in
the cycle expansion order by the highest quantum resolattamable for a given
wavenumbek.

Commentary

Remark 35.1 Sources.  This chapter is based in its entirety on ref];[the reader
is referred to the full exposition for the proofs and disioissof details omitted here.
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