Kuramoto-Sivashinsky weak turbulence, in the symmetry unrestricted space by Huaming Li School of Physics, Georgia Institute of Technology, Atlanta, 30318 Dec 11, 2003

Abstract I investigated the Kuramoto-Sivashinsky system in Fourier space with the symmetry unrestricted. Feigenbaum tree has been found. I also found the shortest cycles with the multipoint shooting method.

I. Introduction

Kuramoto-Sivashinsky equation was introduced by Kuramoto [1976] in one-spatial dimension, for the study of phase turbulance in the Belousov- Zhabotinsky reaction. Sivashinsky derived it independently in the context of small thermal diffusive instabilities for laminar flame fronts. It and related equations have also been used to model directional solidification and, in multiple spatial dimensions, weak fluid turbulence^1.^2

In recent years unstable periodic orbits have been shown to be an effective tool in the nonlinear dynamical systems.^3 The theory has been successfully applied to low-dimensional ordinary differential equations (deterministic chaos) and linear partial differential equations (semiclassical quantization). Since,^5 it has been demonstrated that K-S Equations are rigorously equivalent to a finite dimensional dynamical system of ordinary differential equations(ODE’s). In ref.,^7 it was shown that the periodic orbit theory can be used to describe spatially extended systems, by applying it as an example to the Kuramoto-Sivashinsky equation:

u_t = (u^2)_x − υu_{xx} − u_{xxxx}. (1)

They applied Galerkin projection onto a subspace spanned by fourier modes with periodic boundary conditions, u(x, t) = u(x + 2π, t). They isolated a smaller subspace of the system, b_k = ia_k , where a_k are real. By picking this subspace of the antisymmetric solutions u(x, t) = −u(x, t), they eliminated the continuous translational symmetry. For that simplified system, spatiotemporally chaotic dynamics is described by means of an infinite hierarchy of its unstable spatiotemporally periodic solutions. An intrinsic parameterization of the corresponding invariant set serves as an accurate guide to the high-dimensional dynamics, and the periodic orbit theory yields several global averages characterizing the chaotic dynamics.

II Kuramoto-Sivashinsky system

Kuramoto-Sivashinsky system is one of the popular models to analyze weak turbulence or ’spatiotemporal chaos’. We shall study unstable spatiotemporally periodic solutions of the full Kuramoto-Sivashinsky system. We fix the super-viscocity: υ = 1, and use the length L as our parameter. The system is, u(x, t) = u(x + L, t):

u_t = (u^2)_x − υu_{xx} − u_{xxxx}. (2) Setting:

u(x, t) = +∞∑ k=−∞

a_k(t) exp^{((ikx2π)/L)} , (3)

we perform a Galerkin projection to obtain

ȧ_k = (2π/L)^2(k^2 − (2π/L)^2υk^4)a_k + (2π/L)ik +∞∑ k=−∞

a_ka_{k−m} . (4)

The solution to the K-S equations is characterized by a second-order unstable diffusion term, a fourth-order stabilizing viscosity, and a quadratic nonlinear coupling term. The linearized equation of equation (5) about u = 0 is:

ȧ_k = (2π/L)^2(k^2 − (2π/L)^2υk^4)a_k. (5) The eigenfunctions are the Fourier modes exp((2πikx/L), and the corresponding eigenvalues are given by:

ϕ_k = (2π/L)^2(k^2 − (2π/L)^2υk^4), (6)

for k ∈ N. From equation (7) it follows that the |k| < L = L/(2 √ υπ) long wavelength modes of the fixed point are linearly unstable, and the |k| > L/(2 √ υπ) short wavelength modes are stable. The preferred wavenumber is k^∗ = L/(2 √ 2υπ), corresponding to the wavenumber of the most rapidly growing linear mode. There are N = [L] positive eigenvalues governing the linear instability ([x] is the integer part of x). For L > 1, u(x, t) = 0 is a nontrivial steady state. Comparing with previous studies,^7 our particular interest is in space with unrestricted symmetry.

The K-S system (2) is invariant under translations and reflections in x. So the system of ODEs resulting from projecting onto the Fourier basis will be O(2)-equivariant. And the system is also invariant under the Galilei transformation:

x −→ x + ct^′,t −→ t^′ =⇒ u(x, t) −→ u(x + ct^′, t^′),

L = 18.047605, υ = 1 λ_1 = 0.18 λ_2 = 1.3 × 10^{−3} λ_3 = −5.4 × 10^{−4} chaotic L = 18.047233, υ = 1 λ_1 = 0.16 λ_2 = 1.8 × 10^{−3} λ_3 = −9.4 × 10^{−4} chaotic L = 18.046743, υ = 1 λ_1 = 7.4 × 10^{−3} λ_2 = −1.3 × 10^{−3} λ_3 = −1.6 × 10^{−2} 12 − cycle

Table 1: Lyapunov exponents for three different parameter values

The equation (2) will not be changed if we shift the solution:

u −→ u + c/2.

As ȧ_0 = 0, we can set a_0 = 0 with the Galilei invariance.

III Numerical simulation

Guided by the results of the ref.^7 We have carried out a large number of numerical experiments. To obtain these figures, we used a random initial point. The size of the truncation ranged from 4 to 16. The dynamics of the system is more complicated as the parameter L, length of the system, decreases. We found some interesting windows are: i) quasiperiodic route to chaos, ii) a period doubling route to chaos. The period doubling route is close to the the bifurcation point L = 2π √ υ × 3 with υ = 1. There is an idea that one could expect quasiperiodic solutions or chaotic solutions whether you could fit the integer number wavelength (2π √ υ, υ = 1). So for the quasiperiodic solution, it should be close to some integer number. But from the results of Fig. 1(a), L/2π ≈ 4.7. Is that number good enough? Or is that a bad idea. For visualization, we examine their projections onto three axes. In figure 2(b),we study a return map for a given coordinate Re(a_3), and the attractor is essentially one-dimensional. But the projection onto any two-dimensional plane is multiple-valued function.

To test my jacobian, I use the Gram-Schmidt reorthonormalization (GSR) procedure to calculate the Lyapunov exponents for the system (Table 1). For the 12-cycle state, the leading exponent seem too large. It should approach to 0. The reason can be the inappropriate calculation time (Calcualtion time: t = 2000) or the time step. And the second leading exponents of both chaotic state are small and positive.

We use the unimodal map to construct the two letters symbolic dynamics for the system in the usual way: assign the symbolic ’0’ to the left of the maximum, ’1’ to the points to the right. The periods ’...00...’ and ’...01^{2N} 0...’ is pruned, N = 1, 2, ..... We use Newton iterations to find the

(a) (b)

Figure 1: (a) My System in the quasiperiodic regime (L = 29.637725, υ = 1, N = 16 modes truncation) (b) My System in the chaotic regime (L = 18.047605, υ = 1, N = 8 modes truncation), projection on (Re(a_1), Re(a_2), Re(a_3)).

(a) (b)

Figure 2: Poincaré section retuen map. (a) The attractor of the system in antisymmetry case in ref.^7 L = 36.330524, υ = 1, N = 16 modes truncation) (b) The attractor of the system in unrestricted symmetry case, 10000 Poincaré section returns of a typical trajectory. (L = 18.047605, υ = 1, N = 8 modes truncation)

Figure 3: Power spectrum ( L = 18.047605, υ = 1, N = 8 modes truncation)

cycle with an accuracy of 10^{−5} . We list the periodic orbits to topological length 6 found by our method. The values of Λ_2 and Λ_3 serve as an indication of the accuracy of our numerics, as Λ_2 and Λ_3 correspond to the marginal eigenvalues along the periodic orbit and translation, strictly equal to 1. We use Cycle stability exponents to evaluate our simulation (Table (2)). Cycle stability exponents are the streching/contration rates per unit time:

λ_{p,i} = ln |Λ_{p,i}|/T_p (7)

and can be interpreted as the Lyapunov exponents evaluated on the prime cycle p. The leading Lyapunov exponent (Table 2) is estimated:

(a) (b)

Figure 4: (a) 1 period orbit projection on (Re(a_1), Re(a_3)); (b) 6 period orbit projection on (Re(a_1), Re(a_2), Re(a_3)) found at L = 18.047605, υ = 1, N = 8 modes truncation

λ_1 ≈ (1/n) n∑ i=1 ln |Λ_{p,i}|/T_p ≈ 0.14. (8)

This estimation is close to the calculation λ = 0.18 for L = 18.047605, υ = 1 in Table 1. The frequency of the 1 prime cycle is f ≈ 0.319Hz. From Fig. 3, we can see the power corresponding to this frequency is very strong. And it indicates that chaotic region around the unstable cycle of Fig. 4 is very narrow, hence to be dominance of the 1-cycle of fig. 4.

IV summary

I have investigated the Kuramoto-Sivashinsky equation in Fourier space with the symmetry unrestricted. For applying the period orbit theory, a ”good” chaotic state is preferred. Since Feigenbaum bifurcation tree was found, a ”good” chaotic state is almost guaranteed. After defining the Poincaré section, we selected a parameter value which make the system chaotic. The symbolic dynamics is easy. But the pruning rules seems to be boring. Some shortest cycles do not exist. There is some difficulty to find enough period points to construct the intrinsic coordinates.

p T_p Λ_1 Λ_2 − 1 Λ_3 − 1 Λ_4 1 3.13172 2.93084 1 × 10^{−6} 5 × 10^{−7} 3.25116 × 10^{−2} 10 6.27802 −2.27149 2 × 10^{−5} 7 × 10^{−5} 3.32220 × 10^{−2} 1011 12.55399 −5.04023 2 × 10^{−7} 1 × 10^{−8} 1.09473 × 10^{−3} 101011 18.84892 11.66609 2 × 10^{−4} 4 × 10^{−5} 3.62215 × 10^{−5} 111101 18.84403 −12.07861 1 × 10^{−6} 3 × 10^{−6} 3.57961 × 10^{−5}

Table 2: cycles up to topological length 6 for the N = 8 Fourier modes truncation of the Kuramoto-Sivashisky equation (2) at L = 18.047605, υ = 1, Newton iterations to find the cycle with an accuracy of 10^{−5} .

References

[1] B. Nicolaenko, B. Scheurer, and R. Temam. Some global dynamical propertiesof the Kuramoto-Sivashinsky equations: nonlinear stability and attractors. Physica D, 16, 155, 1985

[2] J. M. Hyman, B. Nicolaenko, and S. Zaleski. Order and complexity in the Kuramoto-Sivashinsky model of weakly turbulent interfaces. Physica D, 23, 265, 1986

[3] P. Cvitanović(ed). Period orbit theory—-theme issue. Chaos, 2, 1, 1992

[4] F. Moss. Chaos under control. Nature, 370, 615, 1994

[5] J. M. Hyman and B. Nicolaenko,The Kuramoto-Sivashinsky equation:

a briage between PDE’s and dynamical systems, Physica D, 18, 113, 1986

[6] J. M. Hyman and B. Nicolaenko, ” Cohenrence chaos in the Kuramotovelarde Equation ” in Proc. Conf. Nonlinear PDE’s, MRI, Madison, Wisc. (Academic Press, New York).

[7] F. Christiansen, P. Cvitanović, and V. Putkaradze. Spatiotemporal chaos in terms of unstable recurrent patterns. Nonlinearity. 10, 55, 1997

[8] P. Holmes, J. L. Lumley, and G. Berkooz. Turbulence, Cohenrent structure, Dynamical Systems and Symmetry. Cambridge University Press, 1996.