Kuramoto-Sivashinsky weak turbulence

Evangelos Siminos^∗ School of Physics Georgia Institute of Technology, Atlanta, GA 30332-0430, U.S.A (Dated: January 23, 2005)

PACS numbers: 95.10.Fh, 02.70.Bf, 47.52.+j, 05.45.+a Keywords: periodic orbits, chaos, turbulence

∗Electronic address: gtg083n@mail.gatech.edu

Georgia Tech PHYS 4421:

PHYSICS OF CONTINUOUS MATTER course project, spring semester 2004 & PHYS 8901:

Special Problem, summer semester 2004

I. INTRODUCTION

The Kuramoto-Sivashinski (KS) equation is one of the simplest PDE’s that exhibit spatiotemporal chaos. It was first introduced by Kuramoto and Tsuzuki [1] to describe reactiondiffusion systems and independently by Sivashinski [2] in the study of flame fronts. Although its physical significance is not limited in those cases, the basic motivation for this project was to use it as a simple and well studied example to get acquainted with the tools and concepts of spatiotemporal chaos. More citations relevant to the applications of KS equation in physics can be found in [3].

II. PROBLEM DESCRIPTION

The present study of the KS equation will be attempted in the framework of periodic orbit theory. Since my motivation for undertaking this project was to study this theory and since I am still at the beginning, I will just quote ChaosBook.org [4]:

. . . hidden in this apparent chaos is a rigid skeleton, a self similar tree of cycles (periodic orbits) of increasing lengths.

to provide my motivation for searching for periodic orbits during this project. The final purpose is to use those orbits to compute averages of usefull physical quantities.

III. KURAMOTO-SIVASHINSKY SYSTEM

The Kuramoto-Sivashinsky equation is:

u_t = (u^2)_x − u_{xx} − νu_{xxxx} , (1) where u(x, t) is considered a function of one spatial coordinate x and the time t. The subscripts denote partial differentiation and ν is a damping parameter, which is referred to as the (super-)viscosity. The similar role of the terms in this equation with those in the incompressible Navier-Stokes equations of hydrodynamics is evident. The first term in the right hand side, (u^2)_x ∼ u u_x, is a nonlinear advection term, the second term is a diffusion term (or better, anti-diffusion term due to the ’wrong sign’) and the third is a dissipative term (which motivates the name viscosity for ν).

A. Fourier Decomposition

In what follows we shall assume periodic boundary conditions on the x ∈ [0, L] interval: u(x + L, t) = u(x, t) , (2) which allows a Fourier series expansion: u(x, t) = +∞∑ k=−∞ b_k(t)e^{ik2πx/L} . (3) Since u(x, t) is real, b_k = b^∗_{−k} . (4) Substituting (3) into (1) we get:

ḃ_k = (2π/L)^2 (k^2 − (2π/L)^2 νk^4)b_k + (2π/L)ik^{+∞} ∑ m=−∞ b_mb_{k−m} . (5) In general we will work with L as a control parameter and set ν = 1. Yet, for the first numerical exploration of the KS equation we will work with ν as a control parameter and set L = 2π in order to compare our results with the previous ones given in [5].

From (5) we notice that ḃ_0 = 0 and thus b_0 is an integral of the equations or, from (3), the average of the solution ∫ dxu(x, t) is a constant, which (because of the Gallilean invariance of the KS equation [5]) we set to zero. This leads to b_0 = 0.

To simplify the system of equations further we choose the b_k’s purely imaginary:

b_k = ia_k . (6) with a_k real. Then eq. (5) reads:

ȧ_k = (2π/L)^2 (k^2 − (2π/L) νk^4)a_k − (2π/L)k +∞∑ m=−∞ a_ma_{k−m} . (7) Inserting eq. (6) into eq. (4) we get:

a_{−k} = −a_k . (8)

i.e. we work in the subspace of antisymmetric solutions, u(−x) = −u(x).

Some qualitative comments about the KS equation can now be easilly given in view of (5). Setting ν = 1 we observe that the linear behaviour of the system depends on the sign of the quantity k^2 − (2π/L) k^4. For a sufficiently large system, the first few values of k yield k^2 − (2π/L) k^4 > 0 or k < √ L/2π and the corresponding Fourier components grow exponentially with time (unstable components). In other words the anti-diffusion term in (1) (resulting in the term ∼ k^2 in (7)) dominates over the dissipation term (resulting in ∼ k^4 in (7)). On the other hand there are infinitely many larger wavenumber components with k > √ L/2π for which the solutions are bounded (stable components). The role of the bilinear term in (7) is then to excite the larger wavenumber components while dissipating the smaller wavenumber ones. The result of this competition is that the asymptotic dynamics of the system are confined on a low dimensional attractor.

B. Gälerkin Projection and Numerical Integration

From the above discussion we also observe that for the very large wavenumber components k ≫ √ L/2π the dominant term will be the dissipative one. Thus, those terms will not be excited and do not seem to participate in the dynamics . This motivates a truncation of the infinite ladder of equations (7) into a finite set of N equations. This truncation, known as Gälerkin projection, is justified by a theorem which states that the asymptotic dynamics of a dissipative PDE can be described by a finite set of ODE’s (a KS-specific discussion is given in [6]).

In practice the Gälerkin projection is performed by setting a_k = 0 for k > N. Then (7)

(a) (b)

FIG. 1: (a) Projection of a typical trajectory segment onto the a_1, a_2, a_3 subspace. (b) Projection of the same trajectory segment onto the a_1, a_2, a_4 subspace. N=16, ν = 0.029910 and L = 2π.

with the help of (8) can be cast into the form:

ȧ_k = ( 2π L )_2 ( k^2 − (2π/L) νk^4 ) a_k − 2π L k (_k ∑ m=1 a_ma_{k−m} − N∑ m=k+1 a_ma_{m−k} − N−k∑ m=1 a_ma_{k+m} ) , (9)

which only contains the a_k’s for which 1 ≤ k ≤ N. Thus we only need N instead of 2N equations (a_0 = 0, since we demanded that the average of the solution vanishes). An appropriate truncation order can be found by integrating a system using different values of N until no significant changes are observed in the dynamics. Here we adapt the choice in [5] and use N = 16, ν = 0.029910 and L = 2π. For the integration we use a fourth order explicit Runge-Kutta scheme with a constant step size.

Two projections of a typical trajectory in the a_k space onto different three-dimensional subspaces are shown in Fig. 1.

C. Poincaré Section

To get a feeling for the topology of the attractor we study its Poincaré map. We choose as the Poincaré section the hyperplane a_1 = 0, and follow trajectories of the truncated system (9) with arbitrary initial conditions on this hyperplane. Each time the trajectory returns on the a_1 = 0 hyperplane in the same direction as initially we get a point of the Poincaré map (a^′_2, . . . , a^′_N ) = P (a_2, . . . , a_N ). The dynamics is still difficult to visualize since the space is N − 1 dimensional. Yet a plot of the Poincaré map in a single coordinate as in Fig. 2 suggests that the attractor for ν = 0.029910 is nearly one dimensional.

IV. UNSTABLE PERIODIC ORBITS

A. Formulating an initial guess

The first step in finding a periodic orbit of the KS system is a good initial guess of a point on such an orbit. For the shortest periodic orbits, those that correspond to fixed points of the Poincaré return map, this is done by considering the Poincaré sections of the various a_i coefficients. The intersection of the projection of the attractor with the line a_i(n+1) = a_i(n) obviously corresponds to a return on the same point in the n-th coordinate of the Poincaré section. If this is the case for all the a_i’s then the system returns on the same point in the Poincaré section, and thus the orbit is periodic. We specify an approximate intersection by estimating from Poincaré points generated by a typical long orbit and use it to initiate Newton’s method to find a periodic orbit with better precision.

Yet, as shown in Fig. 2(a), the intersection of the bisector and the projection of the attractor in a given coordinate may not be unique. Apparent intersections are eliminated by checking whether they are close to the bisector in other coordinates. If we are lucky (Fig. 2(b)), a projection of the Poincaré section on a particular coordinate is ’good’ and singles out the correct intersection points.

B. Implementing Newton’s method

Newton’s method to identify periodic orbits ([4], Chapter 15) of an N-dimensional flow f is based on Newton’s method for the solution of a set of nonlinear algebraic equations (e.g. [7], Par. 9.6). We consider a point x lying on a given Poincaré section of our system and a neighboring point x^′ not necessarily on the Poincaré section. If we integrate the flow for a certain time t such that f^t(x) (but not necessarily f^t(x^′)) lies on the Poincaré section, we can consider a Taylor expansion of f^t(x^′):

f^t(x^′) ≃ f^t(x) + J(x^′ − x) (10)

(a) (b) FIG. 2: (a) a_1 = 0 Poincaré section of system (9) for the a_6 coordinate. (b) a_1 = 0 Poincaré section for the a_{10} coordinate. N=16 Fourier modes truncation and ν = 0.029910, L = 2π. Here 10000 returns to the section as well as the bisector of the axes are plotted. where J = J^t(x) is the Jacobian matrix defined through ([4], Chapter 4): J^t_{ij} (x_o) = ∂x_i(t) ∂x_j | | |_{x=x0} (11) The Jacobian matrix is obtained by integrating the equation: J̇^t = AJ^t , (12) subject to the initial condition:

J^0 = 1 , (13) starting from x and up to the next intersection with the Poincaré section. This can be done concurrently with the integration of the equations of the flow, using the same integrator. Here A is the matrix of variations defined as: A_{kj} = ∂ȧ_k ∂a_j . (14) We can now require that x^′ is a fixed point: f(x^′) = x^′ (15) or with the help of (10):

(1 − J)(x^′ − x) = −(x − f^t(x)) ≡ −F (x) . (16)

Thus, starting with the initial guess x, we can get a better approximation x^′ of a point of a periodic orbit by solving (16).

A periodic orbit J always has a unit (marginal) eigenvalue corresponding to the direction of the flow, so det (1 − J) evaluated for our initial guess will be numerically very close to zero. A determinant equal to zero corresponds to the lack of a unique isolated solution, since the periodicity condition holds for the continuous family of all points of the periodic orbit. The other possibility – no solution – is excluded since we assume that a periodic orbit exists in the neighborhood of our guess. To establish the uniqueness of a solution further constraints on x^′ are needed, namely the restriction that x^′ lies on the Poincaré section. Furthermore, since we want to iterate the procedure improving our estimation of the periodic orbit at each step, we would like to have x^′ lying on the Poicaré section, so that it would be our next initial guess. But if we demand that x^′ lies on the Poincaré section f^t(x^′) will not in general be on that section, since the Jacobian matrix is computed over a time interval such that f^t(x) rather than f^t(x^′) will reside on the Poincaré section. This would obviously be inconsistent with the periodicity condition f^t(x^′) = x^′. From a different perspective, demanding that x^′ and f(x^′) both lie on the Poincaré section corresponds to an overspecification of the problem.

To overcome this difficulty we increase the dimensionality of the problem as follows. We consider f^{t+δT} (x) with δT a small time interval such that f^{t+δT} (x^′) lies on the Poincaré section. Then we can write:

f^{t+δT} (x) = f^t(x) + vδT , (17) where v = ẋ is evaluated at f^t(x).

On the other hand if f^{t+δT} (x^′) lies close enough to f^{t+δT} (x) we can write:

f^{t+δT} (x^′) ≃ f^{t+δT} (x) + J^{t+δT} (x)(x^′ − x) (18) ≃ f^{t+δT} (x) + J^t(x)(x^′ − x) , (19)

where in the last step we have used the multiplicative structure of the Jacobian, J^{t+δT} (x) = J^{δT} (f^t(x))J^t(x), noticed that J^{δT} (f^t(x)) = e^{AδT} = 1 + AδT + . . . and dropped second order terms in the small quantities.

Thus, because of (17):

f^{t+δT} (x^′) ≃ f^t(x) + vδT + J^t(x)(x^′ − x) . (20)

The last equation, along with the periodicity requirement for x^′, f^{t+δT} (x^′) = x^′ reads:

(1 − J^t(x))(x^′ − x) − vδT = −(x − f^t(x)) ≡ −F (x) . (21)

We now can demand that x^′ be on the Poincaré section, since we then can adjust the undetermined time δT so as to have f^{t+δT} (x^′) on the Poincaré section. If the latter is an hyperplane we have the condition:

a · (x − x^′) = 0 (22)

where a is a vector normal to that hyperplane (and x is already assumed on the hyperplane). Equations (20) and (22) can be compactly represented in a single matrix equation: 1 − J^t(x) v a 0 x^′ − x δT = −F (x) 0 , (23)

where we have absorbed a minus sign in δT . Solving this equation for the corrections δx = x^′ − x and δT yields a better estimation to (a point of) the periodic orbit and its period t − δT .

Returning to the KS equation we get from (9) and (12): A_{kj} = ( 2π L )_2 ( k^2 − (2π/L) νk^4 ) δ_{kj} − 4π L k (a_{k−j} − a_{k+j}) . (24) Using the initial guess for the cycle 1 (the symbolic dynamics are to be explained in a subsequent section) from Fig. 2 Newton’s method now yields the actual cycle, with the return to the initial point accurate up to 10^{−13}. The solution of the linear system is carried out by QR-decomposition, using the algorithms given in ref. [7], Chapter B9.

The four largest eigenvalues of the Jacobian matrix for the cycle 1 are shown in Table I. The difference of the marginal eigenvalue Λ_2 from unity is indicative (at least in a loose sense) of the accuracy of the numerical calculation.

C. Multipoint Shooting Method

Periodic orbits with n Poincaré section returns are found with the Multipoint Shooting Method ([4], Chapter 15). For n = 2 initial guesses are formulated by examing the map of second return on the Poincaré section. The results for the cycle 10 are shown in Table I.

Cycle Period Λ_1 1 − Λ_2 Λ_3 Λ_4 1 0.870729 -2.014327 1.4 · 10^{−13} 6.579608 · 10^{−3} −3.653655 · 10^{−4} 10 1.751810 -3.801854 −1.2 · 10^{−12} −3.892045 · 10^{−5} 2.576622 · 10^{−7}

TABLE I: The period and the four largest stability eigenvalues for cycles 1 and 10. N=16 and ν = 0.029910, L = 2π .

D. Unstable Manifold of the 1 cycle

The unstable manifold of a fixed point x_o of a flow consists of all the points that approach x_o, under the action of the flow, but with the direction of time inversed, t → −∞. For an infinitesimal neighborhood of the fixed point, this property pertains to the unstable eigendirections of the flow. Thus, as any point of the unstable manifold is carried by the time-reversed flow towards the fixed point, it will eventually land on it through one of its unstable eigendirections. Reversing the process we can place a large number of initial conditions on an infinitesimal segment of an unstable eigendirection and get a finite segment of the unstable manifold by letting the flow transport those initial conditions.

In the case of the 1 cycle of the KS system we observe that there is only one unstable eigendirection, given by the eigendirection that corresponds to Λ_1. Thus, we can get a picture of its unstable manifold by placing a collection of initial conditions x_i on the Poincaré section and along this direction according to:

x_i = x_o + λ_iĵ_1 , (25)

where ĵ_1 the projection of the unstable eigenvector on the Poincaré section a_1 = 0 and λ_i a parameter varied in small steps, so that we do not end up far away from x_o .

The a_6 coordinate projection of the unstable manifold is shown in Fig. 3. We observe that the unstable manifold is indistinguishable from the strange attractor of Fig. 2(a). It exhibits a fractal structure, yet it is very thin – nearly one-dimensional. Furthermore the projection shown is clearly a non single-valued function, while in some other projections the manifold appears to be self-intersecting. The dynamics of the system cannot easily be understood in terms of such curves. The origin of the problem is that the Poincaré map of the unstable manifold is a curve embedded in a higher dimensional space (2 × (N − 1)–dimensional) and what we see in plots like Fig. 3 is a projection of this curve in two dimensions. We discuss a way out of this difficulty in the next section.

1. Unstable Manifold Parametrization

In [5] it was shown that parametrizing the unstable manifold with the help of a length s measured on the full-dimensional space results on a (nearly) single-valued Poincaré map s(n) → s(n + 1). Such a parametrization of the unstable manifold will be presented here, carried out in a slightly different way.

First, we observe that the fractal structure of the unstable manifold results from its folding at two points of the curve. The reason for this is that the strange attractor is confined in a finite region of the phase space, while the unstable manifold is, by its definition, infinite. This is undesirable, since we would like to be able to map a point of a given trajectory to

FIG. 3: a_1 = 0 Poincaré section of the unstable manifold of 1 cycle for the a_6 coordinate. N=16 Fourier modes truncation, ν = 0.029910, L = 2π. The plot was generated by using 1400 initial conditions on the unstable eigendirection of the cycle and iterating each of them 12 times. To improve the resolution near the “folding points”, λ_i in (25) was varied in steps of the form Δλ_i = ±3 · 10^{−6} exp(−10^{−3} i).

exactly one point on the manifold to which we will assign a unique length s. Using a curve that densely folds on itself means that two closely situated points of a trajectory can be mapped on two distant points on the unstable manifold (in the sense of distance along the curve).

To overcome this difficulty we need to identify the two nearest “folding points” and only use the part of the manifold between them. Obviously on those points the curvature of the curve on the Poincaré section of Fig. 3 becomes very large compared to the curvature on the other points. The curvature at a point can be approximated by using its two neighboring points and determining the radius of the circle that passes through them (using the expressions found e.g. in [8]). The curvature will then be the inverse of this radius. This way we can get a plot of the curvature at each point of the curve, with sharp peaks identifying the folding points .

Next we compute the Euclidean distance between the adjacent points (Δs_i)^2 = ∑_N k=1 (a_k(x_i) − a_k(x_{i−1}))^2 and, setting s = 0 at x_o we compute the distance s(x_i) = s_i = ∑_i k=1 Δs_k for each point on the manifold, so that points at the left (right) of x_o have negative (possitive) s .

Having parametrized the unstable manifold this way, we can follow a sample trajectory and assign to each point of intersection with the Poincaré section the value of s of the closest point on the unstable manifold. By closest point we mean the one with the minimum distance from a given trajectory point. This allows us to construct the return map s(n) → s(n+1) for the trajectory, which is shown in Fig. 4. We observe that – miraculously– the map resembles a parabola! There is fractal structure to the map but the thickness is very small and we can treat the curve as one-dimensional and single valued. This feature of the return map is very helpful in constructing the symbolic dynamics, cf. ref. [5].

E. Linear analysis of the flow

We begin by considering the coordinate system defined by the eigendirections ê_j of J_o ≡ J^{To} (x_o), where x_o the central fixed point, on the intersection of the unstable manifold and diagonal in Fig. 2(a). This is a good coordinate system only if the ê_j are linearly independent (or, equivalently, J_o is diagonalizable by a similarity transformation). For the KS system we easily confirm numerically the linear independence of the ê_j. In general the ê_j ’s do not

FIG. 4: a_1 = 0 Poincaré section of a typical trajectory in the s parametrization. N=16 Fourier modes truncation, ν = 0.029910, L = 2π,1000 points of the sample trajectory. To construct the map, a segment of the unstable manifold discretized by 240 points was used.

form an orthogonal basis; in case at hand, J_o is not symmetric, cf. appendix ??.

We then consider the hypersurface P which can be written in the â_i basis as:

x = x_o + N−1∑ i=1 q_i ê_i , (26)

with the understanding that the N’th eigendirection is the marginal one. Thus, the q_i’s are just the coordinates of point on P in the ê_i basis. We then conclude that a small neighborhood of x_o on P will be transported by the flow after time t_o = m T_o, where m is an integer and T_o the period of the prime cycle at x_o, to: f^{to} (x) = f^{to} ( x_o + N−1∑ i=1 q_i ê_i ) (27)

Taylor expanding for small q^′_is:

f^{to} (x) = f^{to} (x_o) + J^{to} (x_o) N−1∑ i=1 q_i ê_i + O ( q^2_i ) , (28)

The motivation for this choice of Poincaré section was to avoid an extra term arising from the fact that the first return time is different for each trajectory for an arbitrary Poincaré section. Yet this difficulty can be easily overcome by other means, cf. ref. [4].

Because of the multiplicative structure of the Jacobian matrix we have: J^{to} (x_o) = (J^{To} (x_o))^m ≡ J^m_o , (29) and (28) reads:

f^{to} (x) ≃ f(x_o) + J^m_o N−1∑ i=1 q_i ê_i , (30)

= x_o + N−1∑ i=1 Λ^m_i q_i ê_i , (31) where we have used f^{to} (x_o) = x_o and the eigenvalue-eigenvector equation for J_p: J_o ê_i = Λ_iê_i , (32) The seperation after time t of two points on P initially in the neighborhood of x_o is seen to be:

δf = f^{to} (x_k) − f^{to} (x_j) (33) = N−1∑ i=1 Λ^m_i q^{(k)}_i ê_i − N−1∑ i=1 Λ^m_i q^{(j)}_i ê_i (34)

= N−1∑ i=1 Λ^m_i δq_i ê_i , (35) where the superscripts (j) refer to the different initial points. Thus if we express δf in the ê_i basis δf = ∑_{N−1} i=1 δf̃_i ê_i = ∑_{N−1} i=1 ((δf − x_o) · ê_i) ê_i we get: N−1∑ i=1 ( δf̃_i − Λ^m_i δq_i ) ê_i = 0 . (36) Since the ê_i are assumed linearly independent we immediately get: δf̃_i = Λ^m_i δq_i . (37) Or, using x_o (which is the origin for the ê_j coordinate system) as one of the points: f̃_i(x) = Λ^m_i q_i (38)

Thus, we can track the orbit of a point x in the vicinity of x_o just by multiplying each of its initial coordinates (in the ê_j basis) by the corresponding eigenvalue of J_o raised in the m’th power for the m’th return to P. The change of basis from ê_i to â_i can then be easilly performed. Of course, this analysis is valid only for points in the infinitesimal neighborhood of x_o, where the nonlinear terms can be safely neglected.

V. THE METRIC TENSOR ON THE UNSTABLE MANIFOLD

The Euclidean metric used to measure the distance along the unstable manifold is only a possible one. A better one should be natural to the flow, and a good candidate is:

g = J^T (x)J(x) (39)

where J^T is the transpose of J, and no time index has been assigned to J since it is not clear for what time interval should J be computed for non periodic orbits

VI. VARIATIONAL SEARCHES FOR PERIODIC ORBITS

Multiple shooting has some disadvantages as a method for finding periodic orbits. The most important one is the need to know a great deal about the dynamics in order to choose a clever set of Poincaré sections and initial guesses. For the KS equations in the turbulent regime experience [3] has shown that multiple shooting is quite inefficient.

In order to go deeper into the turbulent regime, a variational method for finding periodic orbits has been developed [9], [10]. The main feature of the method is that it evolves an initial loop – guess of a periodic orbit – towards a true periodic orbit, through a differential flow that minimizes a cost functional: F = ∫_{2π} 0 (ṽ − λv)^2 ds , (40)

where dx dt = v(x), x ∈ R^d (41) is the equation defining the flow for which periodic orbits will be found,

ṽ = dx ds is the vector tangent to the loop, the loop being parameterized by s ∈ [0, 2π], and λ(s, τ) is a parameter to be adjusted so as to match the magnitudes of the two vector fields. Obviously, on a periodic orbit ṽ is parallel to v and the cost functional assumes its minimal value F = 0. In [9] it is shown that an initial loop evolves into a periodic orbit through the fictitious time flow governed by the PDE: ∂^2x ∂s∂τ − λ ∂v ∂x ∂x ∂τ − v ∂λ ∂τ = λv − ṽ , (42) where τ the fictitious time parameter. The fictitious time flow defined by (42) is such that F monotonically decreases under it until a minimum is reached. If this minimum is a zero of F then a periodic orbit is found, while if it is a local minimum with value other than zero the method has to be restarted with another guess.

The advantage of the method compared to multiple shooting is basically numerical stability due to the use of a continuum of points. Moreover, the initial loops can be initialized without the restriction of crossing certain Poincaré sections. On the other hand nothing is known about which of the guesses fail to converge and why. In general, the extremum principle has no obvious associated interpretation. It seems as if the functional in (42) is the final expression, a calculation friendly form, of a more general and comprehensible expression.

A. Implementation of the Variational Principle

1. Initialization

The first requirement to start a periodic orbit search is an initial guess in the form of a closed and smooth loop. In my implementations of the method I have used as initial loops periodic orbits extracted with shooting methods from a KS system with a smaller value of viscosity ν^′ < ν (or equivalently larger length) than the one we are interested in. For a small variation of the value of viscosity this loop is expected to be very close to the true cycle for the system we are interested in. The loop points are extracted in constant time intervals from the cycle (of the flow with viscosity ν^′). Thus, we choose the loop parameter s to be proportional to real time and also choose the parameter λ to be position independent λ = λ(τ). For the KS equations in the viscosity regime we work this is preferred to a constant length distribution of points in order to achieve a better coverage of regions with larger curvature [16].

B. Finite Difference Scheme

Our task is to evolve the initial loop towards a cycle through (42). We proceed using a finite difference scheme based on a discretization of loop derivatives ṽ_n ≡ ∂x ∂s | | | |_{x=xn} → ( D̂x)_n , (43)

where x_n ≡ x(s_n) the n’th point of the discretized loop and for D̂ we use a fourth order differential operator as discussed in Ref. [10]. If we consider an N-point discretiztion of the loop (42) can be cast in matrix form Â −v̂ â 0 = δτ λv̂ − ^̃v 0 , (44)

where Â ≡ D̂ − diag [A_1, A_2, . . . , A_n] , (45) with A_n ≡ A(x_n), v̂ = (v_1, v_2, . . . , v_N ) (46) ^̃v = (ṽ_1, ṽ_2, . . . , ṽ_N ) (47)

with v_n ≡ v(x_n), ṽ_n ≡ ṽ(x_n). â is a vector imposing constraints in the variation of coordinates in order to ensure the solvability of (44). The reason for this can be understood if we remember that the method is an infinitesimal version of multiple shooting. There we also had to impose certain constraints in order to ensure solvability, cf. sect. IV B. The constraint that is used here is that the N’th point of the loop lies on the a_1 = 0 Poincaré section. The value of λ changes at each iteration, a fact that corresponds to changing the period of the cycle.

The computationally most intensive task is to invert the (N d+1)×(N d+1)-dimensional matrix in the left hand side of (44). Fortunately, due to the use of a finite difference scheme, the matrix is band-diagonal with boundary terms, so we invert it by banded LUdecomposition [7] and include the boundary terms by means of Woodbury formula [7].

A further speed up can be achieved by taking advantage of the smoothness of the flow to use the inverted matrix from a previous fictitious time step as an approximation to the inverse and further refine the inversion by iterative improvement techniques [7]. Furthermore, adaptive fictitious time step can be used so that it becomes larger as one approaches the true cycle, since then the convergence is guaranteed even with δτ = 1.

A demonstration of the method with an initial loop and the cycle found is given in Fig. 5. The current status of the program is that it can find cycles using banded LU-decomposition but the optimizations described above do not work properly.

FIG. 5: An initial loop (black) and the final approximation of the cycle obtained (green) as projected in the a_2 − a_3 plane. ν = 0.029910 and N = 500 points. The cycle found is the 0 cycle found with Newton’s method.

VII. CONCLUSSION

During the project a part of the results of [5] was reproduced, while the unstable manifold parametrization was carried out in an alternative way. On the other hand, periodic orbit theory was not actually used to perform cycle expansions since that requires the determination of more cycles. The parametrization of the unstable manifold, though, makes the search for cycles easier, since it essentially reduces the symbolic dynamics to that of the unimodal map. Yet, the determination of longer cycles was postponed by the search for a better metric for the system, which I think is an interesting open question.

[1] Y. Kuramoto and T. Tsuzuki. Persistent propagation of concentration waves in dissipative media far from thermal equilibrium. Progr. Theor. Physics, 55:365, 1976.

[2] G. I. Sivashinsky. Nonlinear analysis of hydrodynamical instability in laminar flames - I.

Derivation of basic equations. Acta Astr., 4:1177, 1977.

[3] Y. Lan. Dynamical systems approach to 1-d spatiotemporal chaos – A cyclist’s view. PhD thesis, (Georgia Inst. of Technology), Atlanta, 2004. www.cns.gatech.edu/ y-lan.

[4] P. Cvitanović, R. Artuso, R. Mainieri, G. Tanner, and G. Vattay. Chaos: Classical and Quantum. ChaosBook.org, (Niels Bohr Institute, Copenhagen), 2004.

[5] F. Christiansen, P. Cvitanović, and V. Putkaradze. Hopf’s last hope: spatiotemporal chaos in terms of unstable recurrent patterns. Nonlinearity, 10, 1997.

[6] C. Foias, B. Nicolaenko, G. R. Sell, and R Témam. Kuramoto-Sivashinsky equation. J. Math.

Pures et Appl., 67:197, 1988.

[7] W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling. Numerical Recipes in Fortran. Cambridge University Press, Cambridge, 1996.

[8] http://mathworld.wolfram.com/circle.html.

[9] P. Cvitanović and Y. Lan. Turbulent fields and their recurrences. In N. Antoniou, editor, Proceedings of 10th International Workshop on Multiparticle Production: Correlations and Fluctuations in QCD, Singapore, 2003. World Scientific. nlin.CD/0308006.

[10] Y. Lan and P. Cvitanović. Variational method for finding periodic orbits in a general flow.

Phys. Rev. E, 69:016217, 2004.

[11] P. Holmes, J.L. Lumley, and G. Berkooz. Turbulence, Coherent Structures, Dynamical Systems and Symmetry. Cambridge U. Press, Cambridge, 1996.

[12] R. Temam. Infinite-Dimensional Dynamical Systems in Mechanics and Physics. Number 68 in Appl. Math. Sci. Springer-Verlag, New York, 1988.

[13] B. García-Archilla, J. Novo, and E. S. Titi. Postprocessing the Gälerkin method: a novel approach to approximate inertial manifolds. SIAM J. Numer. Anal., 35(3):941–972, 1998.

[14] M. Martine and R. Temam. Nonlinear Gälerkin methods. SIAM J. Numer. Anal., 26(5):1139–

1157, 1989.

[15] V. López, P. Boyland, Michael T. Heath, and R. Moser. Relative periodic solutions of the complex ginzburg-landau equation. 2004.

[16] Y. Lan, personal communication