Chaos: Classical and Quantum Part I: Deterministic Chaos

Predrag Cvitanović – Roberto Artuso – Ronnie Mainieri – Gregor Tanner – Gábor Vattay – Niall Whelan – Andreas Wirzba

—————————————————————- ChaosBook.org version11.9.6, May 27 2008 printed June 22, 2008 ChaosBook.org comments to: predrag@nbi.dk ii

Contents

Part I: Classical chaos

Contributors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . xv

1 Overture 1 1.1 Why ChaosBook? . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Chaos ahead . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3 The future as in a mirror . . . . . . . . . . . . . . . . . . . 4 1.4 A game of pinball . . . . . . . . . . . . . . . . . . . . . . . . 9 1.5 Chaos for cyclists . . . . . . . . . . . . . . . . . . . . . . . . 14 1.6 Evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 1.7 To statistical mechanics . . . . . . . . . . . . . . . . . . . . 23 1.8 What is not in ChaosBook . . . . . . . . . . . . . . . . . . . 24 1.9 A guide to exercises . . . . . . . . . . . . . . . . . . . . . . 24 resumé 25 - references 29 - exercises 32

2 Go with the flow 33 2.1 Dynamical systems . . . . . . . . . . . . . . . . . . . . . . . 33 2.2 Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.3 Computing trajectories . . . . . . . . . . . . . . . . . . . . . 42 resumé 43 - references 44 - exercises 46

3 Discrete time dynamics 49 3.1 Poincaré sections . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2 Constructing a Poincaré section . . . . . . . . . . . . . . . . 54 3.3 Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 resumé 58 - references 59 - exercises 61

4 Local stability 63 4.1 Flows transport neighborhoods . . . . . . . . . . . . . . . . 63 4.2 Linear flows . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.3 Stability of flows . . . . . . . . . . . . . . . . . . . . . . . . 73 4.4 Neighborhood volume . . . . . . . . . . . . . . . . . . . . . 78 4.5 Stability of maps . . . . . . . . . . . . . . . . . . . . . . . . 80 resumé 82 - references 84 - exercises 85 iii

5 Cycle stability 87 5.1 Stability of periodic orbits . . . . . . . . . . . . . . . . . . . 87 5.2 Cycle Floquet multipliers are cycle invariants . . . . . . . . 92 5.3 Stability of Poincaré map cycles . . . . . . . . . . . . . . . . 93 5.4 There goes the neighborhood . . . . . . . . . . . . . . . . . 94 resumé 95 - references 96 - exercises 97

6 Hamiltonian dynamics 99 6.1 Hamiltonian flows . . . . . . . . . . . . . . . . . . . . . . . 99 6.2 Stability of Hamiltonian flows . . . . . . . . . . . . . . . . . 101 6.3 Symplectic maps . . . . . . . . . . . . . . . . . . . . . . . . 104 6.4 Poincaré invariants . . . . . . . . . . . . . . . . . . . . . . . 107 references 109 - exercises 110

7 Get straight 113 7.1 Changing coordinates . . . . . . . . . . . . . . . . . . . . . 113 7.2 Rectification of flows . . . . . . . . . . . . . . . . . . . . . . 115 7.3 Classical dynamics of collinear helium . . . . . . . . . . . . 116 7.4 Rectification of maps . . . . . . . . . . . . . . . . . . . . . . 121 7.5 Rectification of a 1-dimensional periodic orbit . . . . . . . . 122 7.6 Smooth conjugacies and cycle Floquet multipliers . . . . . . 123 resumé 124 - references 125 - exercises 127

8 Billiards 129 8.1 Billiard dynamics . . . . . . . . . . . . . . . . . . . . . . . . 129 8.2 Stability of billiards . . . . . . . . . . . . . . . . . . . . . . 132 resumé 134 - references 135 - exercises 137

9 World in a mirror 139 9.1 Discrete symmetries . . . . . . . . . . . . . . . . . . . . . . 140 9.2 Relative periodic orbits . . . . . . . . . . . . . . . . . . . . 147 9.3 Domain for fundamentalists . . . . . . . . . . . . . . . . . . 150 9.4 Continuous symmetries . . . . . . . . . . . . . . . . . . . . 152 9.5 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 resumé 156 - references 159 - exercises 162

10 Qualitative dynamics, for pedestrians 167 10.1 Qualitative dynamics . . . . . . . . . . . . . . . . . . . . . . 167 10.2 Stretch and fold . . . . . . . . . . . . . . . . . . . . . . . . . 172 10.3 Kneading theory . . . . . . . . . . . . . . . . . . . . . . . . 178 10.4 Markov graphs . . . . . . . . . . . . . . . . . . . . . . . . . 180 10.5 Symbolic dynamics, basic notions . . . . . . . . . . . . . . . 182 resumé 186 - references 187 - exercises 189

11 Qualitative dynamics, for cyclists 193 11.1 Recoding, symmetries, tilings . . . . . . . . . . . . . . . . . 194 11.2 Going global: Stable/unstable manifolds . . . . . . . . . . . 197 11.3 Horseshoes . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 11.4 Spatial ordering . . . . . . . . . . . . . . . . . . . . . . . . . 202 11.5 Pruning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204 resumé 206 - references 209 - exercises 213

12 Fixed points, and how to get them 217 12.1 Where are the cycles? . . . . . . . . . . . . . . . . . . . . . 218 12.2 One-dimensional mappings . . . . . . . . . . . . . . . . . . 220 12.3 Multipoint shooting method . . . . . . . . . . . . . . . . . . 222 12.4 d-dimensional mappings . . . . . . . . . . . . . . . . . . . . 224 12.5 Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224 resumé 229 - references 230 - exercises 232

13 Counting 235 13.1 How many ways to get there from here? . . . . . . . . . . . 235 13.2 Topological trace formula . . . . . . . . . . . . . . . . . . . 238 13.3 Determinant of a graph . . . . . . . . . . . . . . . . . . . . 240 13.4 Topological zeta function . . . . . . . . . . . . . . . . . . . 243 13.5 Counting cycles . . . . . . . . . . . . . . . . . . . . . . . . . 246 13.6 Infinite partitions . . . . . . . . . . . . . . . . . . . . . . . . 250 13.7 Shadowing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251 resumé 253 - references 254 - exercises 256

14 Transporting densities 263 14.1 Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264 14.2 Perron-Frobenius operator . . . . . . . . . . . . . . . . . . . 265 14.3 Why not just leave it to a computer? . . . . . . . . . . . . . 268 14.4 Invariant measures . . . . . . . . . . . . . . . . . . . . . . . 270 14.5 Density evolution for infinitesimal times . . . . . . . . . . . 273 14.6 Liouville operator . . . . . . . . . . . . . . . . . . . . . . . . 275 resumé 277 - references 279 - exercises 281

15 Averaging 285 15.1 Dynamical averaging . . . . . . . . . . . . . . . . . . . . . . 285 15.2 Evolution operators . . . . . . . . . . . . . . . . . . . . . . 292 15.3 Lyapunov exponents . . . . . . . . . . . . . . . . . . . . . . 294 resumé 298 - references 300 - exercises 302

16 Trace formulas 305 16.1 A trace formula for maps . . . . . . . . . . . . . . . . . . . 305 16.2 A trace formula for flows . . . . . . . . . . . . . . . . . . . . 310 16.3 An asymptotic trace formula . . . . . . . . . . . . . . . . . 313 resumé 314 - references 315 - exercises 317

17 Spectral determinants 319 17.1 Spectral determinants for maps . . . . . . . . . . . . . . . . 319 17.2 Spectral determinant for flows . . . . . . . . . . . . . . . . . 321 17.3 Dynamical zeta functions . . . . . . . . . . . . . . . . . . . 323 17.4 False zeros . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327 17.5 Spectral determinants vs. dynamical zeta functions . . . . . 327 17.6 All too many eigenvalues? . . . . . . . . . . . . . . . . . . . 329 resumé 330 - references 332 - exercises 334

18 Cycle expansions 339 18.1 Pseudocycles and shadowing . . . . . . . . . . . . . . . . . . 339 18.2 Construction of cycle expansions . . . . . . . . . . . . . . . 342 18.3 Cycle formulas for dynamical averages . . . . . . . . . . . . 346 18.4 Cycle expansions for finite alphabets . . . . . . . . . . . . . 350 18.5 Stability ordering of cycle expansions . . . . . . . . . . . . . 351 18.6 Dirichlet series . . . . . . . . . . . . . . . . . . . . . . . . . 354 resumé 356 - references 358 - exercises 359

19 Why cycle? 363 19.1 Escape rates . . . . . . . . . . . . . . . . . . . . . . . . . . . 363 19.2 Natural measure in terms of periodic orbits . . . . . . . . . 366 19.3 Flow conservation sum rules . . . . . . . . . . . . . . . . . . 367 19.4 Correlation functions . . . . . . . . . . . . . . . . . . . . . . 368 19.5 Trace formulas vs. level sums . . . . . . . . . . . . . . . . . 370 resumé 371 - references 372 - exercises 373

20 Why does it work? 375 20.1 Linear maps: exact spectra . . . . . . . . . . . . . . . . . . 376 20.2 Evolution operator in a matrix representation . . . . . . . . 380 20.3 Classical Fredholm theory . . . . . . . . . . . . . . . . . . . 383 20.4 Analyticity of spectral determinants . . . . . . . . . . . . . 385 20.5 Hyperbolic maps . . . . . . . . . . . . . . . . . . . . . . . . 390 20.6 The physics of eigenvalues and eigenfunctions . . . . . . . . 392 20.7 Troubles ahead . . . . . . . . . . . . . . . . . . . . . . . . . 394 resumé 396 - references 398 - exercises 400

21 Thermodynamic formalism 401 21.1 Rényi entropies . . . . . . . . . . . . . . . . . . . . . . . . . 401 21.2 Fractal dimensions . . . . . . . . . . . . . . . . . . . . . . . 406 resumé 410 - references 410 - exercises 412

22 Intermittency 415 22.1 Intermittency everywhere . . . . . . . . . . . . . . . . . . . 416 22.2 Intermittency for pedestrians . . . . . . . . . . . . . . . . . 419 22.3 Intermittency for cyclists . . . . . . . . . . . . . . . . . . . 431 22.4 BER zeta functions . . . . . . . . . . . . . . . . . . . . . . . 437 resumé 440 - references 441 - exercises 443

23 Deterministic diffusion 447 23.1 Diffusion in periodic arrays . . . . . . . . . . . . . . . . . . 448 23.2 Diffusion induced by chains of 1-d maps . . . . . . . . . . . 452 23.3 Marginal stability and anomalous diffusion . . . . . . . . . . 459 resumé 463 - references 467 - exercises 468

24 Turbulence? 471 24.1 Fluttering flame front . . . . . . . . . . . . . . . . . . . . . 472 24.2 Infinite-dimensional flows: Numerics . . . . . . . . . . . . . 475 24.3 Visualization . . . . . . . . . . . . . . . . . . . . . . . . . . 477 24.4 Equilibria of equilibria . . . . . . . . . . . . . . . . . . . . . 478 24.5 Why does a flame front flutter? . . . . . . . . . . . . . . . . 480

24.6 Periodic orbits . . . . . . . . . . . . . . . . . . . . . . . . . 483 24.7 Intrinsic parametrization . . . . . . . . . . . . . . . . . . . . 483 24.8 Energy budget . . . . . . . . . . . . . . . . . . . . . . . . . 484 resumé 488 - references 488 - exercises 490

25 Noise 491 25.1 Deterministic transport . . . . . . . . . . . . . . . . . . . . 492 25.2 Brownian diffusion . . . . . . . . . . . . . . . . . . . . . . . 493 25.3 Weak noise . . . . . . . . . . . . . . . . . . . . . . . . . . . 494 25.4 Weak noise approximation . . . . . . . . . . . . . . . . . . . 496 resumé 497 - references 498 - exercises 500

26 Relaxation for cyclists 501 26.1 Fictitious time relaxation . . . . . . . . . . . . . . . . . . . 502 26.2 Discrete iteration relaxation method . . . . . . . . . . . . . 507 26.3 Least action method . . . . . . . . . . . . . . . . . . . . . . 510 resumé 511 - references 514 - exercises 516

27 Irrationally winding 517 27.1 Mode locking . . . . . . . . . . . . . . . . . . . . . . . . . . 518 27.2 Local theory: “Golden mean” renormalization . . . . . . . . 524 27.3 Global theory: Thermodynamic averaging . . . . . . . . . . 526 27.4 Hausdorff dimension of irrational windings . . . . . . . . . . 528 27.5 Thermodynamics of Farey tree: Farey model . . . . . . . . 530 resumé 535 - references 535 - exercises 538

Part II: Quantum chaos

28 Prologue 541 28.1 Quantum pinball . . . . . . . . . . . . . . . . . . . . . . . . 542 28.2 Quantization of helium . . . . . . . . . . . . . . . . . . . . . 544 guide to literature 545 - references 546 -

29 Quantum mechanics, briefly 547 exercises 552

30 WKB quantization 553 30.1 WKB ansatz . . . . . . . . . . . . . . . . . . . . . . . . . . 553 30.2 Method of stationary phase . . . . . . . . . . . . . . . . . . 556 30.3 WKB quantization . . . . . . . . . . . . . . . . . . . . . . . 557 30.4 Beyond the quadratic saddle point . . . . . . . . . . . . . . 559 resumé 561 - references 561 - exercises 563

31 Semiclassical evolution 565 31.1 Hamilton-Jacobi theory . . . . . . . . . . . . . . . . . . . . 565 31.2 Semiclassical propagator . . . . . . . . . . . . . . . . . . . . 573 31.3 Semiclassical Green’s function . . . . . . . . . . . . . . . . . 577 resumé 584 - references 585 - exercises 586

32 Semiclassical quantization 589 32.1 Trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . 589 32.2 Semiclassical spectral determinant . . . . . . . . . . . . . . 594 32.3 One-dof systems . . . . . . . . . . . . . . . . . . . . . . . . 596 32.4 Two-dof systems . . . . . . . . . . . . . . . . . . . . . . . . 597 resumé 598 - references 599 - exercises 602

33 Quantum scattering 603 33.1 Density of states . . . . . . . . . . . . . . . . . . . . . . . . 603 33.2 Quantum mechanical scattering matrix . . . . . . . . . . . . 607 33.3 Krein-Friedel-Lloyd formula . . . . . . . . . . . . . . . . . . 608 33.4 Wigner time delay . . . . . . . . . . . . . . . . . . . . . . . 611 references 613 - exercises 616

34 Chaotic multiscattering 617 34.1 Quantum mechanical scattering matrix . . . . . . . . . . . . 618 34.2 N-scatterer spectral determinant . . . . . . . . . . . . . . . 621 34.3 Semiclassical 1-disk scattering . . . . . . . . . . . . . . . . . 625 34.4 From quantum cycle to semiclassical cycle . . . . . . . . . . 632 34.5 Heisenberg uncertainty . . . . . . . . . . . . . . . . . . . . . 635

35 Helium atom 637 35.1 Classical dynamics of collinear helium . . . . . . . . . . . . 638 35.2 Chaos, symbolic dynamics and periodic orbits . . . . . . . . 639 35.3 Local coordinates, fundamental matrix . . . . . . . . . . . . 644 35.4 Getting ready . . . . . . . . . . . . . . . . . . . . . . . . . . 647 35.5 Semiclassical quantization of collinear helium . . . . . . . . 647 resumé 656 - references 657 - exercises 658 36 Diffraction distraction 661 36.1 Quantum eavesdropping . . . . . . . . . . . . . . . . . . . . 661 36.2 An application . . . . . . . . . . . . . . . . . . . . . . . . . 667 resumé 674 - references 674 - exercises 676 Epilogue 677 Index 682

Part III: Appendices on ChaosBook.org

A A brief history of chaos 699 A.1 Chaos is born . . . . . . . . . . . . . . . . . . . . . . . . . . 699 A.2 Chaos grows up . . . . . . . . . . . . . . . . . . . . . . . . . 703 A.3 Chaos with us . . . . . . . . . . . . . . . . . . . . . . . . . . 704 A.4 Periodic orbit theory . . . . . . . . . . . . . . . . . . . . . . 707 A.5 Death of the Old Quantum Theory . . . . . . . . . . . . . . 708 references 710 -

B Linear stability 713 B.1 Linear algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 713 B.2 Eigenvalues and eigenvectors . . . . . . . . . . . . . . . . . 715 B.3 Stability of Hamiltonian flows . . . . . . . . . . . . . . . . . 720 B.4 Monodromy matrix for Hamiltonian flows . . . . . . . . . . 721 exercises 724

C Implementing evolution 725 C.1 Koopmania . . . . . . . . . . . . . . . . . . . . . . . . . . . 725 C.2 Implementing evolution . . . . . . . . . . . . . . . . . . . . 727 references 730 - exercises 732

D Symbolic dynamics techniques 733 D.1 Topological zeta functions for infinite subshifts . . . . . . . 733 D.2 Prime factorization for dynamical itineraries . . . . . . . . . 741

E Counting itineraries 747 E.1 Counting curvatures . . . . . . . . . . . . . . . . . . . . . . 747 exercises 749

F Finding cycles 751 F.1 Newton-Raphson method . . . . . . . . . . . . . . . . . . . 751 F.2 Hybrid Newton-Raphson / relaxation method . . . . . . . . 752

G Transport of vector fields 755 G.1 Evolution operator for Lyapunov exponents . . . . . . . . . 755 G.2 Advection of vector fields by chaotic flows . . . . . . . . . . 760 references 764 - exercises 766

H Discrete symmetries of dynamics 767 H.1 Preliminaries and definitions . . . . . . . . . . . . . . . . . . 767 H.2 Invariants and reducibility . . . . . . . . . . . . . . . . . . . 774 H.3 Lattice derivatives . . . . . . . . . . . . . . . . . . . . . . . 777 H.4 Periodic lattices . . . . . . . . . . . . . . . . . . . . . . . . . 780 H.5 Discrete Fourier transforms . . . . . . . . . . . . . . . . . . 781 H.6 C_{4v} factorization . . . . . . . . . . . . . . . . . . . . . . . . 785 H.7 C_{2v} factorization . . . . . . . . . . . . . . . . . . . . . . . . 790 H.8 Hénon map symmetries . . . . . . . . . . . . . . . . . . . . 792 exercises 794

I Convergence of spectral determinants 797 I.1 Curvature expansions: geometric picture . . . . . . . . . . . 797 I.2 On importance of pruning . . . . . . . . . . . . . . . . . . . 800 I.3 Ma-the-matical caveats . . . . . . . . . . . . . . . . . . . . . 801 I.4 Estimate of the nth cumulant . . . . . . . . . . . . . . . . . 802

J Infinite dimensional operators 805 J.1 Matrix-valued functions . . . . . . . . . . . . . . . . . . . . 805 J.2 Operator norms . . . . . . . . . . . . . . . . . . . . . . . . . 807 J.3 Trace class and Hilbert-Schmidt class . . . . . . . . . . . . . 808 J.4 Determinants of trace class operators . . . . . . . . . . . . . 810 J.5 Von Koch matrices . . . . . . . . . . . . . . . . . . . . . . . 813 J.6 Regularization . . . . . . . . . . . . . . . . . . . . . . . . . 815 references 817 -

K Statistical mechanics recycled 819 K.1 The thermodynamic limit . . . . . . . . . . . . . . . . . . . 819 K.2 Ising models . . . . . . . . . . . . . . . . . . . . . . . . . . . 821 K.3 Fisher droplet model . . . . . . . . . . . . . . . . . . . . . . 825 K.4 Scaling functions . . . . . . . . . . . . . . . . . . . . . . . . 830 K.5 Geometrization . . . . . . . . . . . . . . . . . . . . . . . . . 834 resumé 841 - references 842 - exercises 844

L Noise/quantum corrections 847 L.1 Periodic orbits as integrable systems . . . . . . . . . . . . . 847 L.2 The Birkhoff normal form . . . . . . . . . . . . . . . . . . . 851 L.3 Bohr-Sommerfeld quantization of periodic orbits . . . . . . 852 L.4 Quantum calculation of ℏ corrections . . . . . . . . . . . . . 854 references 861 -

S Solutions 863

T Projects 937 T.1 Deterministic diffusion, zig-zag map . . . . . . . . . . . . . 939 T.2 Deterministic diffusion, sawtooth map . . . . . . . . . . . . 946

Contributors

No man but a blockhead ever wrote except for money —Samuel Johnson

This book is a result of collaborative labors of many people over a span of several decades. Coauthors of a chapter or a section are indicated in the byline to the chapter/section title. If you are referring to a specific coauthored section rather than the entire book, cite it as (for example):

C. Chandre, F.K. Diakonos and P. Schmelcher, section “Discrete cyclist relaxation method”, in P. Cvitanović, R. Artuso, R. Mainieri, G. Tanner and G. Vattay, Chaos: Classical and Quantum (Niels Bohr Institute, Copenhagen 2005); ChaosBook.org/version11.

Chapters without a byline are written by Predrag Cvitanović. Friends whose contributions and ideas were invaluable to us but have not contributed written text to this book, are listed in the acknowledgements.

Roberto Artuso

14 Transporting densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263 16.2 A trace formula for flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 310 19.4 Correlation functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .368 22 Intermittency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 23 Deterministic diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447 27 Irrationally winding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .517 Ronnie Mainieri

2 Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2 The Poincaré section of a flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 4 Local stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 7.1 Understanding flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .115 10.1 Temporal ordering: itineraries . . . . . . . . . . . . . . . . . . . . . . . . . . . .167 Appendix A: A brief history of chaos . . . . . . . . . . . . . . . . . . . . . . . . . 699 Appendix K: Statistical mechanics recycled . . . . . . . . . . . . . . . . . . . 819 Gábor Vattay

21 Thermodynamic formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .401 31 Semiclassical evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 565 32 Semiclassical trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .589 Appendix L: Noise/quantum corrections . . . . . . . . . . . . . . . . . . . . . . 847

Gregor Tanner

22 Intermittency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 31 Semiclassical evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 565 32 Semiclassical trace formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .589 35 The helium atom . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637 Appendix B.4: Jacobians of Hamiltonian flows . . . . . . . . . . . . . . . . 721 Appendix I.3 Ma-the-matical caveats . . . . . . . . . . . . . . . . . . . . . . . . . .801

Ofer Biham

26.1 Cyclists relaxation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502 Cristel Chandre

26.1 Cyclists relaxation method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502 26.2 Discrete cyclists relaxation methods . . . . . . . . . . . . . . . . . . . . . . 507 F.2 Contraction rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 752 Freddy Christiansen 12 Fixed points, and what to do about them . . . . . . . . . . . . . . . . . . 217 Per Dahlqvist

26.3 Orbit length extremization method for billiards . . . . . . . . . . 510 22 Intermittency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 Appendix D.1.1: Periodic points of unimodal maps . . . . . . . . . . . .739 Carl P. Dettmann

18.5 Stability ordering of cycle expansions . . . . . . . . . . . . . . . . . . . . .351 Fotis K. Diakonos

26.2 Discrete cyclists relaxation methods . . . . . . . . . . . . . . . . . . . . . . 507 G. Bard Ermentrout Exercise 5.1 Mitchell J. Feigenbaum Appendix B.3: Symplectic invariance . . . . . . . . . . . . . . . . . . . . . . . . . 720 Kai T. Hansen

10.2.1 Unimodal map symbolic dynamics . . . . . . . . . . . . . . . . . . . . . .173 13.6 Topological zeta function for an infinite partition . . . . . . . . . 250 10.3 Kneading theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 figures throughout the text Rainer Klages

Figure 23.5 Yueheng Lan

Solutions 1.1, 2.1, 2.2, 2.3, 2.4, 2.5, 15.1, 14.1, 14.2, 14.3, 14.5, 14.7, 14.10, 9.2, 9.1, 10.6, 13.1, 13.2, 13.4, 13.6 Figures 1.10, 10.3, 9.1, 9.6 Bo Li

Solutions 29.2, 29.1, 30.1 Joachim Mathiesen 15.3 Lyapunov exponents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294 Rössler system figures, cycles in chapters 2, 3, 4 and 12 Yamato Matsuoka

Figure 11.3 Rytis Paškauskas

4.5.1 Stability of Poincaré return maps . . . . . . . . . . . . . . . . . . . . . . . . . 81 5.3 Stability of Poincaré map cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 Exercises 2.8, 3.1, 4.4 Solutions 4.1, 29.1 Adam Prügel-Bennet Solutions 1.2, 2.10, 8.1, 17.1, 20.3, 26.1, 18.2 Lamberto Rondoni 14 Transporting densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263 19.2.1 Unstable periodic orbits are dense . . . . . . . . . . . . . . . . . . . . . . 366 Juri Rolf

Solution 20.3 Per E. Rosenqvist exercises, figures throughout the text Hans Henrik Rugh 20 Why does it work? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 375 Peter Schmelcher 26.2 Discrete cyclists relaxation methods . . . . . . . . . . . . . . . . . . . . . . 507 Gábor Simon

Rössler system figures, cycles in chapters 2, 3, 4 and 12 Edward A. Spiegel 2 Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 14 Transporting densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263 Luz V. Vela-Arevalo 6.1 Hamiltonian flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 Exercises 6.1, 6.3, 6.5 Niall Whelan

36 Diffraction distraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 661 33 Semiclassical chaotic scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 603 Andreas Wirzba

33 Semiclassical chaotic scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 603 Appendix J: Infinite dimensional operators . . . . . . . . . . . . . . . . . . . 805

Acknowledgements

I feel I never want to write another book. What’s the good! I can eke living on stories and little articles, that don’t cost a tithe of the output a book costs. Why write novels any more!

—D.H. Lawrence

This book owes its existence to the Niels Bohr Institute’s and Nordita’s hospitable and nurturing environment, and the private, national and crossnational foundations that have supported the collaborators’ research over a span of several decades. P.C. thanks M.J. Feigenbaum of Rockefeller University; D. Ruelle of I.H.E.S., Bures-sur-Yvette; I. Procaccia of the Weizmann Institute; P. Hemmer of University of Trondheim; The Max- Planck Institut für Mathematik, Bonn; J. Lowenstein of New York University; Edificio Celi, Milano; and Fundaçaõ de Faca, Porto Seguro, for the hospitality during various stages of this work, and the Carlsberg Foundation and Glen P. Robinson for support.

The authors gratefully acknowledge collaborations and/or stimulating discussions with E. Aurell, V. Baladi, B. Brenner, A. de Carvalho, D.J. Driebe, B. Eckhardt, M.J. Feigenbaum, J. Frøjland, P. Gaspar, P. Gaspard, J. Guckenheimer, G.H. Gunaratne, P. Grassberger, H. Gutowitz, M. Gutzwiller, K.T. Hansen, P.J. Holmes, T. Janssen, R. Klages, Y. Lan, B. Lauritzen, J. Milnor, M. Nordahl, I. Procaccia, J.M. Robbins, P.E. Rosenqvist, D. Ruelle, G. Russberg, M. Sieber, D. Sullivan, N. Søndergaard, T. Tél, C. Tresser, and D. Wintgen.

We thank Dorte Glass for typing parts of the manuscript; B. Lautrup and D. Viswanath for comments and corrections to the preliminary versions of this text; the M.A. Porter for lengthening the manuscript by the 2013 definite articles hitherto missing; M.V. Berry for the quotation on page 699; H. Fogedby for the quotation on page 385; J. Greensite for the quotation on page 5; Ya.B. Pesin for the remarks quoted on page 707; M.A. Porter for the quotations on page 20 and page 707; E.A. Spiegel for quotations on page 1 and page 801.

Fritz Haake’s heartfelt lament on page 310 was uttered at the end of the first conference presentation of cycle expansions, in 1988. Joseph Ford introduced himself to the authors of this book by the email quoted on page 541. G.P. Morriss advice to students as how to read the introduction to this book, page 4, was offerred during a 2002 graduate course in Dresden. Kerson Huang’s interview of C.N. Yang quoted on page 270 is available on

ChaosBook.org/extras.

Who is the 3-legged dog reappearing throughout the book? Long ago, when we were innocent and knew not Borel measurable α to Ω sets, P. Cvitanović asked V. Baladi a question about dynamical zeta functions, who then asked J.-P. Eckmann, who then asked D. Ruelle. The answer was transmitted back: “The master says: ‘It is holomorphic in a strip’.” Hence His Master’s Voice logo, and the 3-legged dog is us, still eager to fetch the bone. The answer has made it to the book, though not precisely in His Master’s voice. As a matter of fact, the answer is the book. We are still chewing on it.